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Abstract
We obtain a family of heterotic supergravity backgrounds describing non-Ka¨hler warped coni-
folds with three-form flux and an Abelian gauge bundle, preserving N = 1 supersymmetry in four
dimensions. At large distance from the singularity the usual Ricci-flat conifold is recovered. By
performing a Z2 orbifold of the T 1,1 base, the conifold singularity can be blown-up to a four-cycle,
leading to a completely smooth geometry. Remarkably, the throat regions of the solutions, which can
be isolated from the asymptotic Ricci-flat geometry using a double-scaling limit, possess a worldsheet
CFT description in terms of heterotic cosets whose target space is the warped resolved orbifoldized
conifold. Thus this construction provides exact solutions of the modified Bianchi identity. By solv-
ing algebraically these CFTs we compute the exact tree-level heterotic string spectrum and describe
worldsheet non-perturbative effects. The holographic dual of these solutions, in particular their con-
fining behavior, and the embedding of these fluxed singularities into heterotic compactifications with
torsion are also discussed.
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1 Introduction
Heterotic compactifications to four dimensions have acquired over the years a cardinal interest for
phenomenological applications, as their geometrical data combined with the specification of a holo-
morphic gauge bundle have played a major role in recovering close relatives to the MSSM or intermedi-
ate GUTs. However, as their type II counterparts, heterotic Calabi-Yau compactifications are generally
plagued with the presence of unwanted scalar degrees of freedom at low-energies.
A fruitful strategy to confront this issue has proven to be the inclusion of fluxes through well-
chosen cycles in the compactification manifold. Considerable effort has been successfully invested
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in engineering such constructions in type II supergravity scenarii (see [1] for a review and references
therein). However, if one is eventually to uncover the quantum theory underlying these backgrounds,
warranting their consistency as string theory vacua, or to evade the large-volume limit where super-
gravity is valid, one has to face the presence of RR fluxes intrinsic to these type II backgrounds, for
which a worldsheet analysis is still lacking.
In this respect, heterotic geometries with NSNS three-form and gauge fluxes are more likely to al-
low for such a description ; the dilaton not being stabilized perturbatively the worldsheet theory should
be amenable to standard CFT techniques. The generic absence of large-volume limit in heterotic flux
compactifications makes even this appealing possibility a necessity. An attempt in uncovering an
underlying worldsheet theory for heterotic flux vacua has been made in [2, 3] by resorting to linear
sigma-model techniques. This approach however yields a fully tractable description only in the UV,
while the interacting CFT obtained in the IR is not known explicitly.
A consistent smooth heterotic compactification requires determining a gauge bundle that satis-
fies a list of consistency conditions. This sheds yet another light on the appearance of non-trivial
Kalb-Ramond fluxes, now understood as the departure, triggered by the choice of an alternative gauge
bundle, from the standard embedding of the spin connection into the gauge connection that character-
izes Calabi-Yau compactifications. This eventually leads to geometries with torsion. Now, heterotic
flux compactifications, although known for a long time (see e.g. [4–13]) are usually far less understood
that their type IIB counterparts.1
In particular having a non-trivial H-flux threading the geometry results in the metric loosing
Ka¨hlerity (see [15] for the analysis of T 2 fibrations over K3) and being conformally balanced in-
stead of Calabi-Yau [16–18]. This proves as a major drawback for the analysis of such backgrounds,
as theorems of Ka¨hler geometry (such as Yau’s theorem) do not hold anymore, making the existence
of solutions to the tree-level supergravity equations dubious, let alone their extension to exact string
vacua. An additional and general complication for heterotic solutions comes from anomaly cancel-
lation, which requires satisfying the Bianchi identity in the presence of torsion. This usually proves
notoriously arduous as this differential constraint is highly non-linear. A proof of the existence of a
family of smooth solutions to the leading-order Bianchi identity has only appeared recently [19] (see
also [15] for an earlier discussion of T 2 ×K3 fibrations, as well as [20–22] for developments).
Moduli spaces of heterotic compactifications have singularities, that arise whenever the gauge
bundle degenerates to ’point-like instantons’, either at regular points or at singular points of the com-
pactification manifold. In the case ofN = 1 compactifications in six dimensions, the situation is well
understood. Point-like instantons at regular points of K3 signals the appearance of non-perturbative
Sp(k) gauge groups in the case of Spin(32)/Z2 [23], while for E8 × E8 one gets tensionless BPS
strings [24], leading to interacting SCFTs. In both cases, the near-core ’throat’ geometry of small
instantons is given by the heterotic solitons of Callan, Harvey and Strominger [25] (called thereafter
CHS), that become heterotic five-branes in the point-like limit. In the case of four-dimensionalN = 1
CY3 compactifications, let alone torsional vacua, the situation is less understood. For a particular class
of CY3 which are K3 fibrations, one can resort to the knowledge of the six-dimensional models men-
tioned above – advocating an ’adiabatic’ argument – in order to understand the physics in the vicinity
of such singularities [26, 27].
Recently, a study of heterotic flux backgrounds, supporting an Abelian line bundle, has been
initiated [28]. In a specific double-scaling limit of these torsional vacua, the corresponding worldsheet
non-linear sigma model has been shown to admit a solvable CFT description, belonging to a particular
1Note that duality can then applied to specific such heterotic models to map them to type II flux compactifications of
interest for moduli stabilization [6, 14].
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class of gauged WZW models, whose partition function and low-energy spectrum could be established.
In the double-scaling limit where this CFT description emerges, one obtains non-compact torsional
manifolds, that can be viewed as local models of heterotic flux compactifications, in the neighborhood
of singularities supporting Kalb-Ramond and magnetic fluxes. In analogy with the Klebanov–Strassler
(KS) solution [29], which plays a central role in understanding type IIB flux backgrounds [30], these
local models give a good handle on degrees of freedom localized in the ’throat’ geometries.
The solutions we are considering correspond to the near-core geometry of ’small’ gauge instan-
tons sitting on geometrical singularities, and their resolution. Generically, the torsional nature of the
geometry can come solely from the local backreaction of the gauge instanton (as for the CHS solution
that corresponds to a gauge instanton on a K3 manifold that is globally torsionless), or thought of
being part of a globally torsional compactification.1 From the point of view of the effective four-
or six-dimensional theory, these solutions describe (holographically) the physics taking place at non-
perturbative transitions of the sort discussed above, or in their neighborhood in moduli space.
In the present work we concentrate on heterotic flux backgrounds preserving N = 1 supersym-
metry in four dimensions. More specifically we consider codimension four conifold singularities [31],
supplemented by a non-standard gauge bundle which induces non-trivial torsion in the SU(3) struc-
ture connection. For definiteness we opt for Spin(32)/Z2 heterotic string theory. The Bianchi iden-
tity is satisfied for an appropriate Abelian bundle, which solves the differential constraint in the large
charge limit, where the curvature correction to the identity becomes sub-dominant. Subsequently, nu-
merical solutions to theN = 1 supersymmetry equations [4] can be found, which feature non-Ka¨hler
spaces corresponding to warped torsional conifold geometries with a non-trivial dilaton. At large dis-
tance from the singularity, their geometry reproduces the usual Ricci-flat conifold, while in the bulk
we observe a squashing of the T 1,1 base, as the radius of its S1 fiber is varying.
The topology of this class of torsional spaces allows to resolve the conifold singularity by a blown-
up CP 1 × CP 1 four-cycle, provided we consider a Z2 orbifold of the original conifold space, that
avoids the potential bolt singularity. In contrast, in the absence of the orbifold only small resolution
by a blown-up two-cycle or deformation to a three-cycle remain as possible resolutions of the singu-
larity. The specific de-singularisation we are considering here is particularly amenable to heterotic
or type I constructions, as it leads to a normalizable harmonic two-form which can support an ex-
tra magnetic gauge flux (type IIB conifolds with blown-up four-cycles and D3-branes were discussed
in [32–34]). The numerical supergravity solutions found in this case are perfectly smooth everywhere,
and the string coupling can be chosen everywhere small, while in the blow-down limit the geometrical
singularity is also a strong coupling singularity.
In the regime where the blow-up parameter a is significantly smaller (in string units) than the norm
of the vectors of magnetic charges, one can define a sort of ’near-horizon’ geometry of this family of
solutions, where the warp factor acquires a power-like behavior. This region can be decoupled from
the asymptotic Ricci-flat region by defining a double scaling limit [28] which sends the asymptotic
string coupling gs to zero, while keeping the ratio gs/a2 fixed in string units.
In this limit we are able to find an analytical solution (that naturally gives an accurate approx-
imation of the asymptotically Ricci-flat solution in the near-horizon region of the latter), where the
dilaton becomes asymptotically linear, while the effective string coupling, defined at the bolt, can be
set to any value by the double-scaling parameter.
Remarkably, the double-scaling limit of this family of torsional heterotic backgrounds admits a
solvable worldsheet CFT description, which we construct explicitly in terms of an asymmetric gauged
1For certain choices of gauge bundle, the Eguchi-Hanson model that we studied in [28] could be of both types.
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WZW model,1 which is parametrised by the two vectors ~p and ~q (dubbed hereafter ’shift vectors’)
giving the embedding of the two magnetic fields in the Cartan subalgebra of so(32). We establish this
correspondence by showing that, integrating out classically the worldsheet gauge fields, one obtains a
non-linear sigma-model whose background fields reproduce the warped resolved orbifoldized conifold
with flux. This result generalizes the CFT description for heterotic gauge bundles over Eguchi-Hanson
(EH) space or EH×T 2 we achieved in a previous work [28].
The existence of a worldsheet CFT for this class of smooth conifold solutions first implies that
these backgrounds are exact heterotic string vacua to all orders in α′, once included the worldsheet
quantum corrections to the defining gauged WZW models. This can be carried out by using the method
developed in [36–38] and usually amounts to a finite correction to the metric. Furthermore, this also
entails that the Bianchi identity is exactly satisfied even when the magnetic charges are not large, at
least in the near-horizon regime.
Then, by resorting to the algebraic description of coset CFTs, we establish the full tree-level string
spectrum for these heterotic flux vacua, with special care taken in treating both discrete and continu-
ous representations corresponding respectively to states whose wave-functions are localized near the
singularity, and to states whose wave-functions are delta-function normalizable.
Dealing with arbitrary shift vectors ~p and ~q in full generality turns out to be technically cumber-
some, as the arithmetical properties of their components play a role in the construction. We therefore
choose to work out the complete solution of the theory for a simple class of shift vectors that satisfy
all the constraints. We compute the one-loop partition function in this case (which vanishes thanks to
space-time supersymmetry), and study in detail the spectrum of localized massless states.
In addition, the CFT construction given here provides information about worldsheet instanton
corrections. These worldsheet non-perturbative effects are captured by Liouville-like interactions cor-
recting the sigma-model action, that are expected to correspond to worldsheet instantons wrapping one
of the CP 1s of the four-cycle. We subsequently analyze under which conditions the Liouville poten-
tials dictated by the consistency of the CFT under scrutiny are compatible with the whole construction
(in particular with the orbifold and GSO projections). This allows to understand known constraints in
heterotic supergravity vacua (such as the constraint on the first Chern class of the gauge bundle) from
a worldsheet perspective.
Finally, considering that in the double-scaling limit we mentioned above these heterotic torsional
vacua feature an asymptotically linear dilaton, we argue that they should admit a holographic de-
scription [39]. The dual theory should be a novel kind of little string theory, specified by the shift
vector ~p in the UV, flowing at low energies to a four-dimensional N = 1 field theory. This theory sits
on a particular branch in its moduli space, corresponding to the choice of second shift vector ~q, and
parametrized by the blow-up mode. We use the worldsheet CFT description of the gravitational dual
in order to study the chiral operators of this four-dimensional theory, thereby obtaining the R-charges
and representations under the global symmetries for a particular class of them. From the properties
of the heterotic supergravity solution, we argue that the Spin(32)/Z2 blown-up backgrounds seem to
be confining, while for the E8 × E8 theory the blow-down limit gives an interacting superconformal
field theory.
This work is organized as follows. Section 2 contains a short review of supersymmetric het-
erotic flux compactifications. In section 3 we obtain the heterotic supergravity backgrounds of in-
terest, featuring torsional smooth conifold solutions. We provide the numerical solutions for the full
asymptotically Ricci-flat vacua together with the analytical solution in the double-scaling limit. In
1Notice that gauged WZW models for a class of T p,q spaces have been constructed in [35]. However these cosets, that
are not heterotic in nature and do not support gauge bundles, cannot be used to obtain supersymmetric string backgrounds.
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addition we study the torsion classes of these solutions and their (non-)Ka¨hlerity. In section 4 we
discuss the corresponding worldsheet CFT by identifying the relevant heterotic gauged WZW model.
In section 5 we explicitly construct the complete one-loop partition function and analyze worldsheet
non-perturbative effects. Finally in section 6 we summarize our results and discuss two important
aspects: the holographic duality and the embedding of these non-compact torsional backgrounds in
heterotic compactifications. In addition, some details about the gauged WZW models at hand and
general properties of superconformal characters are given in two appendices.
2 N=1 Heterotic vacua with Torsion
In this section we review some known facts about heterotic supergravity and compactifications to four
dimensions preserving N = 1 supersymmetry. This will in particular fix the various conventions that
we use in the rest of this work.
2.1 Heterotic supergravity
The bosonic part of the ten-dimensional heterotic supergravity action reads (in string frame):
S =
1
α′4
∫
d10x
√−Ge−2Φ
[
R+ 4|∂Φ|2 − 1
2
|H|2 + α
′
4
(
TrV|F|2 + tr|R+|2
)]
. (2.1)
with the norm of a p-form field strength G[p] defined as |G|2 = 1/p!GM1..MpGM1..Mp . The trace of the
Yang-Mills kinetic term is taken in the vector representation of SO(32) or E8 × E8.1
To be in keep with the modified Bianchi identity below (2.3), we have included in (2.1) the lead-
ing string correction to the supergravity Lagrangian. It involves the generalized curvature two-form
R(Ω+)AB built out of a Lorentz spin connexion Ω+ that incorporates torsion, generated by the pres-
ence of a non-trivial NSNS three-form flux:2
Ω A± B = ω
A
B ± 12HAB . (2.2)
In addition to minimizing the action (2.1), a heterotic vacuum has to fulfil the generalized Bianchi
identity:
dH[3] = 8α′pi2
[
ch2
(
V
)− p1(R(Ω+))] , (2.3)
here written in terms of the first Pontryagin class of the tangent bundle and the second Chern character
of the gauge bundle V . The second topological term on the right hand side is the leading string
correction to the Bianchi identity required by anomaly cancellation [40], and mirrors the one-loop
correction on the LHS of (2.1).3
By considering gauge and Lorentz Chern-Simons couplings, one can now construct an NSNS
three-form which exactly solves the modified Bianchi identity (2.3):
H[3] = dB[2] + α′
(
ωL[3](Ω+)− ωYM[3] (A)
)
, (2.4)
thus naturally including tree-level and one-loop corrections, given by:
ωYM[3] (A) = TrV
[A ∧ dA+ 23 A ∧A ∧A] , ωL[3](Ω+) = tr [Ω+ ∧ dΩ+ + 23 Ω+ ∧ Ω+ ∧ Ω+] .
(2.5)
1We have chosen to work with anti-hermitian gauge fields, hence the positive sign in front of the gauge kinetic term.
2Its contribution to (2.1) is normalized as tr|R+|2 = 12 R(Ω+)MN ABR(Ω+)MN AB , the letters M,N and A,B
denoting the ten-dimensional coordinate and frame indices, respectively.
3 Actually, one can add any torsion piece to the spin connexion Ω+ without spoiling anomaly cancellation [41].
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2.2 N=1 supersymmetry and SU(3) structure
In the absence of fermionic background, a given heterotic vacuum can preserve a portion of super-
symmetry if there exists at least one Majorana-Weyl spinor η of Spin(1, 9) satisfying
∇−Mη ≡
(
∂M +
1
4 Ω
AB
− M ΓAB
)
η = 0 . (2.6)
i.e. covariantly constant with respect to the connection with torsion Ω− (note that the Bianchi identity
is expressed using Ω+). This constraint induces the vanishing of the supersymmetry variation of the
graviton, so that in the presence of a non-trivial dilaton and gauge field strength extra conditions have
to be met, as we will see below.
In the presence of flux, the conditions on this globally invariant spinor are related to the possibility
for the manifold in question to possess a reduced structure group, or G-structure, which becomes the
G holonomy of∇− when the fluxes vanish (see [42–44] for details and review). The requirements for
a manifoldMd to be endowed with a G-structure is tied to its frame bundle admitting a sub-bundle
with fiber group G. This in turn implies the existence of a set of globally defined G-invariant tensors,
or alternatively, spinors on Md. As will be exposed more at length in section 3.7, the G-structure
is specified by the intrinsic torsion of the manifold, which measures the failure of the G-structure
to become a G holonomy of ∇−. By decomposing the intrinsic torsion into irreducible G-modules,
or torsion classes, we can thus consider classifying and determining the properties of different flux
compactifications admitting the same G-structure.
Manifolds with SU(3) structure
In the present paper, we will restrict to six-dimensional Riemannian spacesM6, whose reduced struc-
ture group is a subgroup of SO(6), and focus on compactifications preserving minimal (N = 1)
supersymmetry in four dimensions, which calls for an SU(3) structure group.1
The structure is completely determined by a real two-form J and a complex three-form Ω,2 which
are globally defined and satisfy the relations:
Ω ∧ Ω¯ = −4i
3
J ∧ J ∧ J , J ∧ Ω = 0 . (2.7)
The last condition is related to the absence of SU(3)-invariant vectors or, equivalently, five-forms.
The 3-form Ω suffices to determine an almost complex structure J nm , satisfying J 2 = −I, such
that Ω is (3, 0) and J is (1, 1). The metric onM6 is then given by gmn = J lm Jln, and the orientation
ofM6 is implicit in the choice of volume-form Vol(M6) = (J ∧ J ∧ J)/6.
For a background including NSNS three-form flux H, the structure J and Ω is generically not
closed anymore, so thatM6 now departs from the usual Ricci-flat CY3 background and SU(3) holon-
omy is lost.
Supersymmetry conditions
We consider a heterotic background in six dimensions specified by a metric g, a dilaton Φ, a three-form
H and a gauge field strength F .
1As a general rule, reducing the dimension of the structure group increases the number of preserved supercharges.
2The SU(3) structure is originally specified the chiral complex spinor η solution of (2.6), J and Ω being then defined as
Jmn = −iη†Γmnη and Ωmnp = η>Γmnpη respectively. In the following however we will not resort to this formulation.
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Leaving aside the gauge bundle for the moment, it can be shown that preserving N = 1 super-
symmetry in six dimensions is strictly equivalent to solving the differential system for the SU(3)
structure:1
d(e−2Φ Ω) = 0 , (2.8a)
d(e−2Φ J ∧ J) = 0 , (2.8b)
with the NSNS flux related to the structure as follows [45]:
e2Φ d(e−2Φ J) = ?6H . (2.9)
Let us pause awhile before tackling the supersymmetry constraint on the gauge fields and dwell on
the signification of this latter expression. It has been observed that the condition (2.9) reproduces a
generalized Ka¨hler calibration equation for H [46, 47], since it is defined by the SU(3)-invariant J .
If we adopt a brane interpretation of a background with NSNS flux, this equation acquires significance
as a minimizing condition for the energy functional of five-branes wrapping Ka¨hler two-cycles in
M6. As noted in [44], this analysis in term of calibration is still valid even when considering the full
back-reaction of the brane configuration on the geometry.2
2.3 Constraints on the gauge bundle
We will now turn to the conditions the gauge field strength has to meet in order to preserve N = 1
supersymmetry and to ensure the absence of global worldsheet anomalies.
Unbroken supersymmetry requires the vanishing of the gaugino variation:
δχ =
1
4
FMN ΓMN  = 0 . (2.10)
We see that since the covariantly constant spinor η is a singlet of the connection ∇−, taking F in
the adjoint of the structure group SU(3) will not break any extra supersymmetry, thus automatically
satisfying (2.10). This is tantamount to requiring F to be an instanton of SU(3):
Fmn = −1
4
(
J ∧ J) kl
mn
Fkl ⇐⇒ ?6F = −F ∧ J . (2.11)
As pointed out in [4], this condition is equivalent to require the gauge bundle V to satisfy the zero-
slope limit of the Hermitian Yang-Mills equation:
F (2,0) = F (0,2) = 0 , (2.12a)
Fab¯Jab¯ = 0 . (2.12b)
The first equation entails that the gauge bundle has to be a holomorphic gauge bundle while the second
is the tree-level Donaldson-Uhlenbeck-Yau (DUY) condition which is satisfied for µ-stable bundles.
1 The original and alternative and formulation [4] to the supersymmetry conditions (2.8-2.9) replaces the constraint on
the top form by |Ω| = e−2Φ, which, inserted in eq.(2.8), implies that the metric is conformally balanced [16, 17, 20]. The
calibration equation for the flux (2.9) can also be rephrased as H = i(∂¯ − ∂)J . This latter version of eq.(2.9) is however
restricted to the SU(3)-structure case, and does not lift to a general G-structure and dimension d, unlike (2.8a) by replacing
J by the appropriate calibration (d− 4)-form Ξ (see for instance [45]).
2The argument is that we can always add in this case an extra probe five-brane without breaking supersymmetry, provided
it wraps a two-cycle calibrated by the same invariant form as the one calibrating the now back-reacted solution, hence the
name generalized calibration.
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In addition, a line bundle is subject to a condition ensuring the absence of global anomalies in
the heterotic worldsheet sigma-model [48, 49]. This condition (also known as K-theory constraint in
type I) amounts to a Dirac quantization condition for the Spin(32) spinorial representation of positive
chirality, that appears in the massive spectrum of the heterotic string. It forces the first Chern class of
the gauge bundle V overM6 to be in the second even integral cohomology group. In this work we
consider only Abelian gauge backgrounds, hence the bundle needs to satisfy the condition:
c1(V ) ∈ H2(M, 2Z) =⇒
16∑
i=1
∫
ΣI
F i
2pi
≡ 0 mod 2 , I = 1, .., h1,1 . (2.13)
3 Resolved Heterotic Conifolds with Abelian Gauge Bundles
The supergravity solutions we are interested in are given as a non-warped product of four-dimensional
Minkowski space with a six-dimensional non-compact manifold supporting NSNS flux and an Abelian
gauge bundle. They preserve minimal supersymmetry (N = 1) in four dimensions and can be viewed
as local models of flux compactifications. For definiteness we choose Spin(32)/Z2 heterotic strings.
More specifically we take as metric ansatz a warped conifold geometry [31]. The singularity
is resolved by a Ka¨hler deformation corresponding to blowing up a CP 1 × CP 1 four-cycle on the
conifold base. This is topologically possible only for a Z2 orbifold of the conifold, see below.1 The
procedure is similar to that used in [32, 34] to construct a smooth Ricci-flat orbifoldized conifold by
a desingularization a` la Eguchi-Hanson. In our case however we have in addition non-trivial flux
back-reacting on the geometry and deforming it away from Ricci-flatness by generating torsion in the
background.
The geometry is conformal to a six-dimensional smoothed cone over a T 1,1 space.2 It has therefore
an SU(2)×SU(2)×U(1) group of continuous isometries. Considering T 1,1 as an S1 fibration over a
CP 1×CP 1 base, the metric component in front of the fiber will be dependent on the radial coordinate
of the cone, hence squashing T 1,1 away from the Einstein metric.
The metric and NSNS three-form ansa¨tze of the heterotic supergravity solution are chosen of the
following form:
ds2 = ηµνdx
µdxν + 32 H(r)
[
dr2
f2(r)
+
r2
6
(
dθ21 + sin
2 θ1 dφ
2
1 + dθ
2
2 + sin
2 θ2 dφ
2
2
)
+
r2
9
f(r)2
(
dψ + cos θ1 dφ1 + cos θ2 dφ2
)2]
, (3.1a)
H[3] =
α′k
6
g1(r)
2
(
Ω1 + Ω2
) ∧ ω˜[1] , (3.1b)
with the volume forms of the two S2s and the connection one-form ω˜[1] defined by
Ωi = sin θi dθi ∧ dφi , for i = 1, 2 , ω˜[1] = dψ + cos θ1 dφ1 + cos θ2 dφ2 . (3.2a)
In addition, non-zero NSNS flux induces a nontrivial dilaton Φ(r), while satisfying the Bianchi identity
requires an Abelian gauge bundle, which will be discussed below.
1Without an orbifold the conifold singularity can be smoothed out only by a two-cycle (resolution) or a three-cycle
(deformation).
2We recall that T 1,1 is the coset space (SU(2) × SU(2))/U(1) with the U(1) action embedded symmetrically in the
two SU(2) factors.
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The resolved conifold geometry in (3.1a), denoted thereafter by C˜6, is topologically equivalent
to the total space of the line bundle O(−K) → CP 1 × CP 1. The resolution of the singularity is
governed by the function f(r) responsible for the squashing of T 1,1. Indeed the zero locus of this
function defines the blowup mode a of the conifold, related to the product of the volumes of the two
CP 1’s.
Asymptotically in r, the numerical solutions that will be found below are such that both f and H
tend to constant values, according to limr→∞f = 1 and limr→∞H = H∞, hence the known Ricci-flat
conifold metric is restored at infinity (however without the standard embedding of the spin connexion
in the gauge connexion (see below).
To determine the background explicitly, we impose the supersymmetry conditions (2.8) and the
Bianchi identity (2.3) on the the ansatz (3.1), which implies [50, 51] solving the equations of motion
for the Lagrangian (2.1). In addition, one has to implement the condition (2.13), thereby constraining
the magnetic charges specifying the Abelian gauge bundle.
3.1 The supersymmetry equations
To make use of the supersymmetry equations (2.8) and the calibration condition for the flux (2.9), we
choose the following complexification of the vielbein:
E1 = e2 + ie3 , E2 = e4 + ie5 , E3 = e1 + ie6 . (3.3)
written in terms of the left-invariant one-forms on T 1,1:
e1 =
√
3H
2
1
f dr e
6 = r
√
Hf√
6
ω˜
e2 = r
√
H
2
(
sin ψ2 dθ1 − cos ψ2 sin θ1 dφ1
)
, e3 = − r
√
H
2
(
cos ψ2 dθ1 + sin
ψ
2 sin θ1 dφ1
)
,
e4 = r
√
H
2
(
sin ψ2 dθ2 − cos ψ2 sin θ2 dφ2
)
, e5 = − r
√
H
2
(
cos ψ2 dθ2 + sin
ψ
2 sin θ2 dφ2
)
.
(3.4)
The corresponding SU(3) structure then reads:
Ω[3,0] = E
1 ∧ E2 ∧ E3 ≡ e124 − e135 − e256 − e346 + i(e125 + e134 + e246 − e356) , (3.5a)
J[1,1] =
i
2
3∑
a=1
Ea ∧ E¯a ≡ e16 + e23 + e45 . (3.5b)
Imposing the supersymmetry conditions (2.8) leads the following system of first order differential
equations:
f2H ′ = f2H Φ′ = −2α
′k g21
r3
, (3.6a)
r3Hff ′ + 3r2H (f2 − 1) + α′k g21 = 0 . (3.6b)
3.2 The Abelian gauge bundle
To solve the Bianchi identity (2.3), at least in the large charge limit, one can consider an Abelian gauge
bundle, supported both on the four-cycle CP 1 × CP 1 and on the S1 fiber of the squashed T 1,1/Z2:
A[1] = 14
(
(cos θ1 dφ1 − cos θ2 dφ2) ~p+ g2(r) ω˜ ~q
)
· ~H . (3.7)
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where ~H spans the 16-dimensional Cartan subalgebra of so(32) and the H i, i = 1, .., 16 are chosen
anti-Hermitean, with Killing form K(H i, Hj) = −2δij . The solution is characterized by two shift
vectors1 ~p and ~q that specify the Abelian gauge bundle and are required to satisfy ~p · ~q = 0. The
function g2(r) will be determined by the DUY equations.
The choice (3.7) is the most general ansatz of line bundle over the manifold (3.1a) satisfying the
holomorphicity condition (2.12a). Then, to fulfil the remaining supersymmetry condition, we rewrite:
F[2] = −14
[(
Ω1 − Ω2
)
~p+
(
g2(r)(Ω1 + Ω2)− g′2(r) dr ∧ ω˜
)
~q
]
· ~H
= − i
r2H
[(
E1 ∧ E¯1 − E2 ∧ E¯2) ~p+ (g2 (E1 ∧ E¯1 + E2 ∧ E¯2) + 12rg′2E3 ∧ E¯3)~q ] · ~H
(3.8)
so that imposing (2.12b) fixes:
g2(r) =
(a
r
)4
. (3.9)
In defining this function we have introduced a scale a which is so far a free real parameter of the
solution. It will become clear later on that a is the blow-up mode related to the unwarped volume of
the four-cycle.
The function (3.9) can also be determined in an alternative fashion by observing that the standard
singular Ricci-flat conifold possesses two harmonic two-forms, which are also shared by the resolved
geometry C˜6 (see [33] for a similar discussion about the Ricci-flat orbifoldized conifold), where they
can be written locally as:
$1 =
1
4pi
d
(
cos θ1 dφ1 − cos θ2 dφ2
)
, $2 =
a4
4pi
d
(
ω˜
r4
)
, (3.10)
and form a base of two-forms that completely span the gauge field strength:
F = pi($1 ~p+$2 ~q ) · ~H (3.11)
Note in particular that $2 is normalizable on the warped resolved conifold, while $1 is not, since we
have
(4pi)2$m ∧ ?6$m = hm(r) dr ∧ Ω1 ∧ Ω2 ∧ dψ (3.12)
characterized by the functions
h1(r) = rH(r) , h2(r) =
3a8H(r)
r7
(3.13)
and the conformal factor H is monotonously decreasing with no pole at r = a and asymptotically
constant. Thus, contrary to the four-dimensional heterotic solution with a line bundle over warped
Eguchi-Hanson space [28], the fact that the $1 component of the gauge field is non-normalizable
implies that F has non vanishing charge at infinity, due to ∫∞$1 6= 0.
Constraints on the first Chern class of the bundle
The magnetic fields arising from the gauge background (3.8) lead to Dirac-type quantization con-
ditions associated with the compact two-cycles of the geometry. We first observe that the second
1This terminology is borrowed from the orbifold limit of some line bundles over singularities, see e.g. [52].
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homology H2(C˜6,R) of the resolved conifold is spanned by two representative two-cycles related to
the two blown-up CP 1s pinned at the bolt of C˜6:
Σi = {r = a, θi = const, φi = const, ψ = 0} , i = 1, 2 . (3.14)
One then constructs a dual basis of two-forms, by taking the appropriate combinations of the harmonic
two-forms (3.10):
L1 =
1
2
(
$2 −$1
)
, L2 =
1
2
(
$1 +$2
)
, (3.15)
which span the second cohomology H2(C˜6,R) = R ⊕ R.1 If we now develop the gauge field-
strength (3.11) on the cohomology base (3.15), one gets that∫
Σ1
F
2pi
=
1
2
(~q − ~p) · ~H ,
∫
Σ2
F
2pi
=
1
2
(~q + ~p) · ~H . (3.16)
Imposing a Dirac quantization condition for the adjoint (two-index) representation leads to the possi-
bilities
q` ± p` ≡ 0 mod 2 ∀` = 1, . . . , 16 or
q` ± p` ≡ 1 mod 2 ∀` = 1, . . . , 16 , (3.17a)
i.e. the vectors (~p ± ~q)/2 have either all entries integer or all entries half-integer. The former corre-
sponds to bundles ’with vector structure’ and the latter to bundles ’without vector structure’ [53]. The
distinction between these types of bundles is given by the generalized Stiefel-Whitney class w˜2(V ),
measuring the obstruction to associate the bundle V with an SO(32) bundle.
The vectors ~p and ~q being orthogonal, we choose them to be of the form ~p = (p`, 0n) with
` = 0, . . . , 16 − n and ~q = (016−n, q`) with ` = 16 − n + 1, . . . , 16. This gives the separate
conditions {
q` ≡ 0 mod 2 , p` ≡ 0 mod 2 , for w˜2(V ) = 0 ,
q` ≡ 1 mod 2 , p` ≡ 1 mod 2 , for w˜2(V ) 6= 0 ,
∀` . (3.18)
In addition, as the heterotic string spectrum contains massive states transforming in the spinorial
representation of Spin(32) of, say, positive chirality, the shift vectors ~p and ~q specifying the gauge
field bundle (3.8) have to satisfy the extra constraint (2.13). It yields two conditions:
16∑
`=1
(p` ± q`) ≡ 0 mod 4 , (3.19)
which are in fact equivalent for bundles with vector structure. In section 5.5, these specific constraints
will be re-derived from non-perturbative corrections to the worldsheet theory.
3.3 The Bianchi identity at leading order
To determine the radial profile of the three-form H, i.e. the function g2(r) in the ansatz (3.1), we
need to solve the Bianchi identity (2.3); this is generally a difficult task. In the large charges limit
~p 2  1 (corresponding in the blow-down limit to considering the back-reaction of a large number of
wrapped heterotic five-branes, see latter), the tree-level contribution to the RHS of the Bianchi identity
1The Ka¨hler form J being non-integrable is absent from the second cohomology of C˜6.
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is dominant and the higher derivative (curvature) term can be neglected. Using the gauge field strength
ansatz (3.8), equation (2.3) becomes:
1
α′
dH[3] =
1
4
([
~q 2g22 − ~p 2
]
Ω1 ∧ Ω2 − ~q 2 g2 g′2 dr ∧
(
Ω1 + Ω2
) ∧ ω˜)+O (1) . (3.20)
Then, using the solution of the DUY equations (3.9), we obtain:
g21(r) =
3
4
[
1− g22(r)
]
= 34
[
1−
(a
r
)8 ]
(3.21)
and the norm of the shift vectors are constrainted to satisfy:
~p 2 = ~q 2 = k , (3.22)
such that the tree-level F 2 term on the RHS of the Bianchi identity (3.20) is indeed the leading contri-
bution. The relevance of one-loop corrections to H coming from generalized Lorentz Chern-Simons
couplings (2.5) will be discussed below.
Finally, one can define a quantized five-brane charge as asymptotically the geometry is given by a
cone over T 1,1/Z2 ∼ RP3 × S2:
Q5 =
1
2pi2α′
∫
RP3,∞
H[3] =
k
2
. (3.23)
The orbifold of the conifold
Having determined the functions g1(r) and g2(r) governing the r dependence of the torsion three-
form and of the gauge bundle respectively, one can already make some important observation. Since
function g1(r) (3.21) vanishes for r = a, assuming that the conformal factorH(r) and its derivative do
not vanish there (this will be confirmed by the subsequent numerical analysis), eq. (3.6a) implies that
the squashing function f2(r) also vanishes for r = a. Therefore the manifold exhibits a CP 1 × CP 1
bolt, with possibly a conical singularity.
Then evaluating the second supersymmetry condition (3.6b) at the bolt (where both f2 and g1
vanishes) we find that (f2)′|r→a+ = 6/a. With this precise first order expansion of f2 near the bolt, the
conical singularity can be removed by restricting the periodicity of the S1 fiber in T 1,1, as ψ ∼ ψ+2pi
instead of the original ψ ∈ [0, 4pi[. In other words we need to consider a Z2 orbifold of the conifold,
as studied e.g. in [54] in the Ricci-flat torsionless case. Following the same argument as in [55], the
deformation parameter a can be related to the volume of the blown-up four-cycle CP 1 × CP 1, and
thus represents a local Ka¨hler deformation.
One may wonder whether this analysis can be spoiled by the higher-order α′ corrections (as we
solved only the Bianchi identity at leading order). However we will prove in the following that the Z2
orbifold is also necessary in the full-fledged heterotic worldsheet theory.
3.4 Numerical solution
Having analytical expressions for the functions g1 and g2, we can consider solving the first order
system (3.6) for the remaining functions f and H that arises from the supersymmetry conditions. If
we ask the conformal factor H to be asymptotically constant, as expected from a brane-type solution
in supergravity, the system (3.6) can only be solved numerically.
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Figure 1: Numerical solution for f2(r) and H(r), with the choice of parameters k = 10000 and
a2/α′k = {0.0001, 0.01, 1}, respectively thick, thin and dashed lines.
In figure 1, we represent a family of such solutions with conformal factor having the asymptotics:
H(r)
r→a+∼ 1 + α
′k
r2
, lim
r→∞H(r) = H∞ , (3.24)
and a function f2 possessing a bolt singularity at r = a (where the blow-up parameter a has been set
previously in defining the gauge bundle). The dilaton is then determined by the conformal factor, up
to a constant, by integrating eq.(3.6a):
e2Φ(r) = e2Φ0H(r)2 . (3.25)
We observe in particular that since limr→∞ f2 = 1, the solution interpolates between the squashed
resolved conifold at finite r and the usual cone over the Einstein space T 1,1/Z2 at infinity, thus restor-
ing a Ricci-flat background asymptotically. In figure 1 we also note that in the regime where a2 is
small compared to α′k, the function f2 develops a saddle point that disappears when their ratio tends
to one.
As expected from this type of torsional backgrounds, in the blow-down limit the gauge bundle
associated with ~q becomes a kind of point-like instanton, leading to a five-brane-like solution. The
appearance of five-branes manifests itself by a singularity in the conformal factor H in the r → 0
limit, hence of the dilaton. In this limit the solution behaves as the backreaction of heterotic five-
branes wrapping some supersymmetric vanishing two-cycle, together with a gauge bundle turned on.
As we will see later on this singularity is not smoothed out by the R2 curvature correction to the
Bianchi identity.
3.5 Analytical solution in the double-scaling limit
The regime a2/α′k  1 in parameter space allows for a limit where the system (3.6) admits an
analytical solution, which corresponds to a sort of ’near-bolt’ or throat geometry of the family of
torsional backgrounds seen above.1 This solution is valid in the coordinate range:
a2 6 r2  α′k . (3.26)
1In the blow-down limit where the bundle degenerates to a wrapped five-brane-like solution, this regime should be called
a ’near-brane’ geometry.
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Figure 2: Comparison of the profiles of f(r) andH(r) for the asymptotically flat supergravity solution
(thick line) and its double scaling limit (thin line), for k = 10000 and a2/α′k = 0.0001.
Note that this is not a ’near-singularity’ regime as the location a of the bolt is chosen hierarchically
smaller than the scale
√
α′k at which one enters the throat region.
This geometry can be extended to a full solution of heterotic supergravity by means of a double
scaling limit, defined as
gs → 0 , µ = gsα
′
a2
fixed , (3.27)
and given in terms of the asymptotic string coupling gs = eΦ0H∞ set by the r →∞ limit of expres-
sion (3.25). This isolates the dynamics near the four-cycle of the resolved singularity, without going
to the blow-down limit, i.e. keeping the transverse space to be conformal to the non-singular resolved
conifold.1
One obtains an interacting theory whose effective string coupling constant is set by the double-
scaling parameter µ. The metric is determined by solving (3.6) in this limit, yielding the analytic
expressions:
H(r) =
α′k
r2
, f2(r) = g21(r) =
3
4
[
1−
(a
r
)8 ]
. (3.28)
To be more precise in defining the double-scaling limit one requests to stay at fixed distance from
the bolt. We use then the rescaled dimensionless radial coordinate R = r/a, in terms of which one
obtains the double scaling limit of the background (3.1,3.7,3.25):
ds2 = ηµνdx
µdxν +
2α′k
R2
[
dR2
1− 1
R8
+
R2
8
(
dθ22 + sin
2 θ1 dφ
2
1 + dθ
2
2 + sin
2 θ2 dφ
2
2
)
+
R2
16
(1− 1
R8
)
(
dψ + cos θ1 dφ1 + cos θ2 dφ2
)2]
, (3.29a)
H[3] =
α′k
8
(
1− 1
R8
) (
Ω1 + Ω2
) ∧ ω˜ , (3.29b)
eΦ(r) =
µ
H∞
(
k
R2
)
, (3.29c)
A[1] = 14
[(
cos θ1 dφ1 − cos θ2 dφ2
)
~p+ 1
R4
ω˜ ~q
]
· ~H , (3.29d)
1For this limit to make sense, one needs to check that the asymptotic value of the conformal factor H∞ stays of order
one in this regime. We checked with the numerical solution that this is indeed the case.
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The warped geometry is a six-dimensional torsional analogue of Eguchi-Hanson space, as an-
ticipated before in subsection 3.3. We observe that (as for the double-scaling limit of the warped
Eguchi-Hanson space studied in [28]) the blow-up parameter a disappears from the metric, being ab-
sorbed in the double-scaling parameter µ, hence in the dilaton zero-mode that fixes the effective string
coupling.
As can be read off from the asymptotic form of the metric (3.29), the metric of its T 1,1 base is
non-Einstein even at infinity, so that the space is not asymptotically Ricci-flat, contrary to the full
supergravity solution corresponding figure 1. But as expected, in the regime where a2  α′Q5 both
the supergravity and the the near-horizon background agree perfectly in the vicinity of the bolt, as
shown in figure 2.
Finally we notice that taking the near-brane limit of blown-down geometry (which amounts to
replace f2 by one in the metric (3.29a), and turning off the gauge bundle associated with ~q) the six-
dimensional metric factorizes into a linear dilaton direction and a non-Einstein T 1,1/Z2 space.
3.6 One-loop contribution to the Bianchi identity
The supergravity solution (3.1) is valid in the large charges regime k  1, where higher derivative
(one-loop) corrections to the Bianchi identity (2.3) are negligible. Given the general behaviour of the
function f2 andH as plotted in figure 1, we must still verify that the curvature contribution trR+∧R+
remains finite for large k and arbitrary value of a, for any r > a, with coefficients of order one, so that
the truncation performed on the Bianchi identity is consistent and the solution obtained is reliable.
We can give an ’on-shell’ expression of the one-loop contribution in (2.3) by using the supersym-
metry equations (3.6) to re-express all first and second derivatives of f andH in terms of the functions
g1, f and H themselves. We obtain:
trR(Ω+) ∧R(Ω+) =
−4
(
1− 4f
2
3
(
2− f2)− 2g21(1− f2)
3
[ α′k
r2H
]
+
2g41
3f2
[ α′k
r2H
]2
+
2g61
9f2
[ α′k
r2H
]3)
Ω1 ∧ Ω2
−8
(
4(1− f2)2 + (1− f2)(1− 4g21)
[ α′k
r2H
]
+
g21
(− 6f2 + g21(3 + 2f4 + 6f2)
3f4
[ α′k
r2H
]2
+
g41
(− 3f2 + 2g21(1 + 2f2))
3f4
[ α′k
r2H
]3
+
2g81
9f4
[ α′k
r2H
]4)dr
r
∧ (Ω1 + Ω2) ∧ ω˜ .
(3.30)
We observe from the numerical analysis of the previous subsection that f ∈ [0, 1] while H is
monotonously decreasing from Hmax = H(a) finite to H∞ > 0. So expression (3.30) remains fi-
nite at r → ∞, since all overt r contributions come in powers of α′k/(r2H), which vanishes at
infinity.
Now, since f and g1 both vanish at r = a, there might also arise a potential divergences in (3.30)
in the vicinity of the bolt. However:
• At r = a, all the potentially divergent terms appear as ratios: g2n1 f−2m, with n ≥ m, and are
thus zero or at most finite, since g1 and f are equal at the bolt.
• The other contributions all remain finite at the bolt, since they are all expressed as powers of
α′k/(r2H), which is maximal at r = a, with:
Max
[ α′k
r2H
]
=
(
1 +
a2
α′k
)−1
≤ 1 .
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Taking the double-scaling limit, the expression (3.30) simplifies to:
trR(Ω+)∧R(Ω+) = −
(
4−8g2 +5g4)Ω1∧Ω2−2(16−34g2 +23g4) dr
r
∧(Ω1 +Ω2)∧ ω˜ , (3.31)
where g1 has been rescaled to g(r) =
√
1− (a/r)8 for simplicity. We see that this expression does
not depend on k, because of the particular profile ofH in this limit (3.28), and is clearly finite ofO(1)
for r ∈ [a,∞[.
Bianchi identity at the bolt
By using the explicit form for trR+ ∧ R+ determined above, we can evaluate the full Bianchi iden-
tity (2.3) at the bolt. At r = a, the NSNS fluxH vanishes, and the tree-level and one-loop contributions
are both on the same footing. The Bianchi identity can be satisfied at the form level for (3.30):
0 = TrF ∧ F − trR(Ω+) ∧R(Ω+) =
(
~p 2 − ~q 2 + 4)Ω1 ∧ Ω2 (3.32)
provided:
~p 2 = ~q 2 − 4 . (3.33)
As we will see in section 4.1 when deriving the worldsheet theory for the background (3.29), this
result will be precisely reproduced in the CFT by the worldsheet normally cancellation condition. It
suggests that the α′ corrections to the supergravity solution vanish at the bolt, as the worldsheet result
is exact.
Tadpole condition at infinity
In order to view the solution (3.1) as part of a compactification manifold, it is useful to consider the
tadpole condition associated to it, as it has non-vanishing charges at infinity.
One requests at least to cancel the leading term in the asymptotic expansion of the modified
Bianchi identity at infinity, where the metric becomes Ricci-flat, and the five-brane charge can thus in
principle be set to zero (not however that the gauge bundle V is different from the standard embed-
ding). In this limit, only the first gauge bundle specified by the shift vector ~p contributes, so that (2.3)
yields the constraint:
6Q5 = 3~p
2 − 4 . (3.34)
Since ~p ∈ Z16, we can never set the five-brane charge to zero and fulfil this condition. Furthermore,
switching on the five-brane charge could only balance the instanton number of the gauge bundle, but
never the curvature contribution, for elementary numerological reasons. Again, eq. (3.34) can only be
satisfied in the large charge regime, where the one-loop contribution is subleading.
In the warped Eguchi-Hanson solution tackled in [28], the background was locally torsional but
for some appropriate choice of Abelian line bundle the five-brane charge could consistently be set to
zero; here no such thing occurs.1 This amounts to say that in the present case torsion is always present
to counterbalance tree-level effects, while the only way to incorporate higher order contributions is
to compute explicitly the one-loop correction to the background (3.1) from the Bianchi identity, as
in [21]. In the double-scaling limit (3.29), this could in principle be carried out by the worldsheet
techniques developed in [36–38], using the gauged WZW model description we discuss in the next
section.
1The qualitative difference between the two types of solutions is that Eguchi-Hanson space is asymptotically locally flat,
while the orbifold of the conifold is only asymptotically locally Ricci-flat.
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3.7 Torsion classes and effective superpotential
In this section we will delve deeper into the SU(3) structure of the background as a way of char-
acterizing the geometry and the flux background we are dealing with. We will briefly go through
some elements of the classification of SU(3)-structure that we will need in the following (for a more
detailled and general presentation, cf. [1, 42, 44]). On general grounds, as soon as it departs from
Ricci-flatness, a given space acquires intrinsic torsion, which classifies the G-structure it is endowed
with. According to its index structure, the intrinsic torsion T ijk takes value in Λ
1 ⊗ g⊥, where Λ1 is
the space of one-forms, and g⊕ g⊥ = spin(d), with d the dimension of the manifold, and it therefore
decomposes into irreducible G-modulesWi.
Torsion classes of SU(3)-structure manifolds
The six-dimensional manifold of interest has SU(3)-structure, and can therefore be classified in terms
of the following decomposition of T into of irreducible representations of SU(3):
T ∈ Λ1 ⊗ su(3)⊥ = W1 ⊕W2 ⊕W3 ⊕W4 ⊕W5
(3 + 3¯)× (1 + 3 + 3¯) = (1 + 1) + (8 + 8) + (6 + 6¯) + (3 + 3¯) + (3 + 3¯) . (3.35)
This induces a specific decomposition of the exterior derivatives of the SU(3) structure J and Ω onto
the components of the intrinsic torsion Wi ∈ Wi:
dJ = −32 Im(W
(1)
1 Ω¯) +W
(3+3¯)
4 ∧ J +W (6+6¯)3 , (3.36a)
dΩ = W
(1)
1 J ∧ J +W (8)2 ∧ J +W (3¯)5 ∧ Ω , (3.36b)
which measures the departure from the Calabi-Yau condition dJ = 0 and dΩ = 0 ensuring Ricci-
flatness.
We have in particular W1 a complex 0-form, W2 a complex (1, 1)-form and W3 a real primitive
[(1, 2) + (2, 1)]-form. W4 is a real vector and W
(3¯)
5 is the anti-holomorphic part of the real one-form
W
(3+3¯)
5 , whose holomorphic piece is projected out in expression (3.36b). In addition W2 and W3 are
primitives, i.e. they obey JyWi = 0, with the generalized inner product of a p-form α[p] and q-form
β[q] for p ≤ q given by αyβ = 1p!αm1..mpβ
m1..mp
mp+1..mq .
The torsion classes can be determined by exploiting the primitivity ofW2 andW3 and the defining
relations (2.7) of the SU(3) structure. Thus, we can recover W1 from both equations (3.36). In our
conventions, we have then
W
(1)
1 =
1
12 J
2ydΩ ≡ 136 J3y(dJ ∧ Ω) . (3.37)
Likewise, one can compute W4 and W5, by using in addition the relations JyΩ = JyΩ¯ = 0:
W
(3+3¯)
4 =
1
2
JydJ , W¯ (3+3¯)5 = −18
(
Ω¯ydΩ + Ω¯ydΩ
)
. (3.38)
This in particular establishes W4 as what is known as the Lee form of J , while, by rewriting W¯5
as W¯5 = −12ReΩydReΩ = −12 ImΩydImΩ, we observe that W5 is the Lee form of ReΩ or ImΩ,
indiscriminately [44]. This alternative formulation in terms of the Lee form is characteristic of the
classification of almost Hermitian manifolds.
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The torsion class W (6+6¯)3 = W
(6)
3 + W
(6¯)
3 is a bit more involved to compute, but may be deter-
mined in components by contracting with the totally antisymmetric holomorphic and anti-holomorphic
tensors of SU(3), which projects to the 6 or 6¯ of SU(3):
(?3W
(6)
3 )a¯b¯ = (W3)
c¯d¯
[a¯ Ω¯b¯]c¯d¯ , (?3¯W
(6¯)
3 )ab = (W3)
cd
[a Ωb]cd , (3.39)
with the metric ηab = 2δ b¯a and the ”Hodge star products” in three dimensions given by ?3E
a¯b¯ =
a¯b¯cE
c, and ?3¯(•) applying to the complex conjugate of the former expression.
The NSNS flux also decomposes into SU(3) representations:
H = −32 Im(H(1) Ω¯) +H(3+3¯) ∧ J +H(6+6¯) . (3.40)
As a general principle, since torsion is generated by flux, supersymmetry requires that the torsion
classes (3.36) be supported by flux classes in the same representation of SU(3). Thus, we observe in
particular that there is no component ofH in the (8 + 8), which implies that W2 = 0, for our type of
backgrounds.
The torsion classes of the warped resolved conifold
After this general introduction we hereafter give the torsion classes for the warped six-dimensional
background (3.1) studied in this work. They can be extracted from the following differential condi-
tions, which have been established using the supersymmetry equations (3.6) and the relation (3.21):
dΩ = 2µ(r)
(
e1256 + e1346 + i(e1356 − e1246)) , (3.41a)
dJ = −µ(r) (e123 + e145) , (3.41b)
H = µ(r) (e236 + e456) , (3.41c)
with the function:
µ(r) =
√
2
3
2α′kg21
r3H3/2f
= −
√
2
3
f√
H
Φ′ . (3.42)
Since relations (3.41) imply satisfying the first supersymmetry condition (3.6a), this induces auto-
matically W1 = W2 = 0 (this can be checked explicitly in (3.41)), which in turn entails that the
manifold (3.1a) is complex, since the complex structure is now integrable1.
Then, using relations (3.38) and (3.39), one determines the remaining torsion classes:
W1 = W2 = W3 = 0 , (3.43)
and
W
(3+3¯)
4 =
1
2 W
(3+3¯)
5 = −µ(r) ReE3 . (3.44)
They are supported by the flux:
H(3+3¯) = −µ(r) ImE3 . (3.45)
Two remarks are in order. First, combining (3.36a) and (2.8b) leads to the generic relation W4 =
dΦ, which is indeed satisfied by the Lee form (3.44) by taking into account expression (3.42). Sec-
ondly, the relationW5 = 2W4 in (3.44) is a particular case of the formulaW5 = (−1)n+12n−2W4 [18,
44] which holds for a manifold with SU(n) structure.
1For a six dimensional manifold to be complex, the differential dΩ can only comprise a (3, 1) piece, which leads to
W1 = W2 = 0. This condition can be shown to be equivalent to the vanishing of the Nijenhuis tensor, ensuring the
integrability of the complex structure.
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Effective superpotential
The effective superpotential of four-dimensional N = 1 supergravity for this particular solution,
viewing the throat solution we consider as part of some heterotic flux compactification. It can be
derived from a generalization of the Gukov-Vafa-Witten superpotential [56], which includes the full
contribution from torsion andH-flux [57], or alternatively using generalized calibration methods [58].
The general expression reads:
W = 14
∫
M6
Ω ∧ (H + idJ) . (3.46)
We evaluate this expression on the solution (3.1) by using the results obtained in (3.43-3.45). This
leads to the ’on-shell’ complexified Ka¨hler structure
H+ i dJ = iW (3¯)5 ∧ J = −iµ(r) E¯3 ∧ J , (3.47)
which together with the first relation in (2.7) entails
W = 0 (3.48)
identically.1
In Vafa’s setup of ref. [59], corresponding to D5-branes wrapping the two-cycle of the resolved
conifold, this leads to an N = 1 Veneziano-Yankielowicz superpotential (where the resolution pa-
rameter is identified with the glueball superfield of the four dimensional super Yang-Mills theory),
showing that the background is holographically dual to a confining theory, with a gaugino conden-
sate. In our case having a vanishing superpotential means that the blow-up parameter a corresponds
to a modulus of the holographically dual N = 1 four-dimensional theory. More aspects of the holo-
graphic duality are discussed in subsection 6.1.
A Ka¨hler potential for the non-Ricci-flat conifold
In the following, we will show that the manifold corresponding to the metric (3.1a) is conformally
Ka¨hler. This can be readily established by means of the differential conditions (3.36), as the charac-
teristics of a given space are related to the vanishing of certain torsion classes or specific constraint
relating them (see [1] for a general overlook).
For this purpose, we now have to determine the torsion classes for the resolved conifold space
conformal to the geometry (3.1a):
ds2C˜6 =
dr2
f2
+
r2
6
(
dΩ21 + dΩ
2
2
)
+
r2f2
9
ω˜2 . (3.49)
Again, these can be read from the differential conditions:
dΩ˜ = 32 µ˜(r)
(
e˜1256 + e˜1346 + i(e˜1356 − e˜1246)) (3.50a)
dJ˜ = 0 , (3.50b)
with now
µ˜(r) =
α′k
(
1− (ar )8)
r3f(r)
. (3.51)
1As explained in [59] and systematized later in [60], one can determine the superpotential (3.46) without knowing
explicitly the full background, by introducing a resolution parameter determined by a proper calibration of the ’off-shell’
superpotential, and subsequently minimizing the latter with respect to this parameter (see [61] for a related discussion).
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and the new set of vielbeins given by:
e˜i =
√
2
3H
ei , ∀i = 1, .., 6 . (3.52)
Repeating the analysis carried out earlier, the torsion classes are easily established:
W1 = W2 = W3 = W4 = 0 , (3.53)
W
(3+3¯)
5 = −2µ˜(r) ReE3 , (3.54)
The first relation (3.53) tells us that the manifold is complex, since W1 = W2 = 0, and symplectic,
since the Ka¨hler form J˜ is closed. Fulfilling both these conditions gives precisely a Ka¨hler manifold,
and the Levi Civita connection is in this case endowed with U(3) holonomy.
The Ka¨hler potential The Ka¨hler potential for the conifold metric (3.49) is most easily computed
by starting from the generic definition of the (singular) conifold as a quadratic on C4, whose base is
determined by the intersection of this quadratic with a three-sphere of radius %. These two conditions
are summarized in [31]:
C6 def=
4∑
A=1
(wA)
2 = 0
4∑
A=1
|wA|2 = %2 . (3.55)
One can rephrase these two conditions in terms of a 2 × 2 matrix W parametrizing the T 1,1 base of
the conifold, viewed as the coset (SU(2)× SU(2))/U(1), as W = 1√
2
∑
Aw
AσA. In this language,
the defining equations (3.55) take the form:
detW = 0 , trW †W = %2 . (3.56)
For the Ka¨hler potential K to generate the metric (3.49), it has to be invariant under the action of
the rotation group SO(4) ' SU(2) × SU(2) of (3.55) and can thus only depend on %2. In terms of
K and W , the metric on the conifold reads:
ds2 = K˙ tr dW †dW + K¨ |trW †dW |2 , (3.57)
where the derivative is ˙(•) ≡ ∂
∂ρ2
(•). By defining the function γ(%) = %2 K˙, the metric (3.57) can be
recast into the form:
ds2 = γ˙ d%2 +
γ
4
(
dΩ21 + dΩ
2
2
)
+
%2γ˙
4
ω˜2 . (3.58)
Identifying this expression with the metric (3.49) yields two independent first order differential equa-
tions, one of them giving the expression of the radius of the S3 in (3.55) in terms of the radial coordi-
nate in (3.49):
% = %0 e
3
2
∫
dr
rf2 , γ(r) = 23 r
2 . (3.59)
From these relations, one derives the Ka¨hler potential as a function of r:
K(r) = K0 +
∫
d(r2)
f2
. (3.60)
20
2.0 3.01.5

r
a
2
4
6
8
10
12
14
K
a2
Figure 3: The Ka¨hler potential for the asymptotically flat supergravity solution with k = 10000 and
a2/α′k = {0.0001, 0.01, 1}.
In particular, we can work out K explicitly in the near horizon limit (3.27):
K(r) = K0 + 4a
2
3
[(r
a
)2 − 1
2
arctan
(r
a
)2
+
1
4
log
(
r2 − a2
r2 + a2
)]
. (3.61)
Choosing %0 = 1, we have % =
4
√
r8 − a8, which varies over [0,∞[, as expected. With an exact
Ka¨hler potential at our disposal, we can make an independent check that the near horizon geome-
try (3.29) is never conformally Ricci flat. Indeed, by establishing the Ricci tensor Ri¯ = ∂i∂¯ ln
√|g|
for the Ka¨hler manifold (3.57), we observe that the condition for Ricci flatness imposes the relation
∂%2 [(%
2K˙)3] = 2%2 [32], which is never satisfied by the potential (3.61).
In figure 3 we plot the Ka¨hler potential (3.60) for the asymptotically Ricci-flat supergravity back-
grounds given in figure 1. We represent K only for small values of r, since for large r it universally
behaves like r2. One also verifies that, for small r, the analytic expression (3.61) determined in the
double-scaling limit fits perfectly the numerical result.
4 Gauged WZW model for the Warped Resolved Orbifoldized Conifold
The heterotic supergravity background obtained in the first section has been shown to admit a double
scaling limit, isolating the throat region where an analytical solution can be found. The manifold
is conformal to a cone over a non-Einstein T 1,1/Z2 base with a blown-up four-cycle, and features
an asymptotically linear dilaton. The solution is parametrized by two ’shift vectors’ ~p and ~q which
determine the Abelian gauge bundle, and are orthogonal to each other. They are related to the NSNS
flux number k as k = ~p 2 = ~q 2. These conditions, as well as the whole solution (3.29), are valid in
the large charge limit ~p 2  1.
The presence of an asymptotic linear dilaton is a hint that an exact worldsheet CFT description may
exist. We will show in this section that it is indeed the case; for any consistent choice of line bundle, a
gauged WZW model, whose background fields are the same as the supergravity solution (3.29), exists.
Before dealing with the details let us stress important points of the worldsheet construction:
1. In the blow-down limit a→ 0, the dependence of the metric on the radial coordinate simplifies,
factorizing the space into the (non-Einstein) T 1,1 base times the linear dilaton direction r.
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2. The T 1,1 space is obtained as an asymmetrically gauged SU(2)k × SU(2)k WZW-model in-
volving the right-moving current algebra of the heterotic string.
3. In order to find the blown-up solution the linear dilaton needs to be replaced by an auxiliary
SL(2,R)k/2 WZW-model. It is gauged together with the SU(2) × SU(2) factor, also in an
asymmetric way.
4. The ’shift vectors’ ~p and ~q define the embedding of the both gaugings in the Spin(32)/Z2
lattice
5. These two worldsheet gaugings are anomaly-free if k = ~p 2 = ~q 2 − 4 and ~p · ~q = 0. These
relations are exact in α′.
A detailed study of a related model, based on a warped Eguchi-Hanson space, is given in ref. [28].
We refer the reader to this work for more details on the techniques used hereafter.
4.1 Parameters of the gauging
We consider an N = (1, 0) WZW model for the group SU(2) × SU(2) × SL(2,R), whose element
we denote by (g1, g2, h). The associated levels of the N = 1 affine simple algebras are respectively
chosen to be1 k, k and k′. The left-moving central charge reads
c = 9− 12
k
+
6
k′
, (4.1)
therefore the choice k′ = k/2 ensures that the central charge has the requested value c = 9 for any k,
allowing to take a small curvature supergravity limit k →∞.
The first gauging, yielding a T 1,1 coset space with a non-Einstein metric, acts on SU(2)×SU(2)
as (
g1(z, z¯), g2(z, z¯)
)
−→
(
eiσ3α(z,z¯)g1(z, z¯), e
−iσ3α(z,z¯)g2(z, z¯)
)
. (4.2)
This gauging is highly asymmetric, acting only by left multiplication. It has to preserve N = (1, 0)
superconformal symmetry on the worldsheet, hence the worldsheet gauge fields are minimally coupled
to the left-moving worldsheet fermions of the super-WZW model.
In addition, the classical anomaly from this gauging can be cancelled by minimally coupling some
of the 32 right-moving worldsheet fermions of the heterotic worldsheet theory. We introduce a sixteen-
dimensional vector ~p that gives the embedding of the gauging in the so(32) Cartan sub-algebra. The
anomaly cancellation condition gives the constraint2
k + k = 2~p 2 =⇒ k = ~p 2 . (4.3)
On the left-hand side, the two factors correspond to the gauging in both SU(2)k models. We denote
the components of the worldsheet gauge field as (A, A¯).
The second gauging, leading to the resolved conifold, also acts on the SL(2,R)k′ factor, along
the elliptic Cartan sub-algebra (which is time-like). Its action is given as follows:
1 It should be possible to generalize the construction starting with SU(2) WZW models at non-equal levels. Note also
that the SL(2,R) level does not need to be an integer.
2This condition involve the supersymmetric levels, as the gauging only acts on the left-moving supersymmetric side in
the SU(2)k × SU(2)k WZW model.
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(
g1(z, z¯), g2(z, z¯), h(z, z¯)
)
−→
(
eiσ3β1(z,z¯)g1(z, z¯), e
iσ3β1(z,z¯)g2(z, z¯), e
2iσ3β1(z,z¯)h(z, z¯)e2iσ3 β2(z,z¯)
)
, (4.4)
and requires a pair of worldsheet gauge fields B = (B1, B2). The left gauging, corresponding to the
gauge field B1, is anomaly-free (without the need of right-moving fermions) for
2k = 4k′ , (4.5)
which is satisfied by the choice k′ = k/2 that was assumed above.1 The other gauging, corresponding
to the gauge field B2, acts only on SL(2,R), by right multiplication. This time the coupling to the
worldsheet gauge field need not be supersymmetric, as we are dealing with a N = (1, 0) (heterotic)
worldsheet.
The anomaly is again cancelled by minimally coupling worldsheet fermions from the gauge sector.
Denoting the corresponding shift vector ~q one gets the condition
4
(
k
2
+ 2
)
= 2~q 2 =⇒ k = ~q 2 − 4 , (4.6)
which involves the bosonic level of SL(2,R), as explained above; the constant term on the RHS
corresponds to the renormalization of the background fields by α′ corrections, exact to all orders. In
order to avoid the appearance of mixed anomalies in the full gauged WZW model, one chooses the
vectors defining the two gaugings to be orthogonal to each other
~p · ~q = 0 . (4.7)
4.2 Worldsheet action for the gauged WZW model
The total action for the gauged WZW model defined above is given as follows:
SWZW(A,B) = SSL(2,R)k/2+2 + SSU(2)k−2, 1 + SSU(2)k−2, 2 + Sgauge(A,B) + SFer(A,B) , (4.8)
where the first three factors correspond to bosonic WZW actions, the fourth one to the bosonic terms
involving the gauge fields and the last one to the action of the minimally coupled fermions. As it
proves quite involved, technically speaking, to tackle the general case for generic values of the shift
vectors ~p and ~q, we restrict, for simplicity, to the ’minimal’ solution of the constraints (4.6,4.7) given
by
~p = (2`, 015) , ~q = (0, 2`, 2, 013) with ` > 2 , (4.9)
implying in particular k = 4`2. This choice ensures that k is even, which will later on show to be nec-
essary when considering the orbifold. The coset theory constructed with these shift vectors involves
overall six Majorana-Weyl right-moving fermions from the sixteen participating in the fermionic rep-
resentation of the Spin(32)/Z2 lattice.
We parametrize the group-valued worldsheet scalars (g1, g2, h) ∈ SU(2)×SU(2)×SL(2,R) in
terms of Euler angles as follows:
g` = e
i
2
σ3ψ`e
1
2
σ1θ`e
i
2
σ3φ` , ` = 1, 2 (4.10a)
1Note that the generator of the U(1) isometry in the SL(2,R) group was chosen to be 2iσ3, which explains the factor
of four in the right-hand side of equation (4.5).
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h = e
i
2
σ3φLe
1
2
σ1ρe
i
2
σ3φR , (4.10b)
where σi, i = 1, .., 3, are the usual Pauli matrices.
The action for the worldsheet gauge fields, including the couplings to the bosonic affine currents
of the WZW models, is given by:1
Sgauge(A,B) =
1
8pi
∫
d2z
[
2i
(
j31 − j32
)
A¯ + 2(k − 2)AA¯ + 2B1ik¯3 + 2i
(
j31 + j
3
2 + 2k
3
)
B¯2
+ 2(k − 2)B2B¯2 −
(
k
2 + 2
) (
B1B¯1 + 4B2B¯2 + 4 cosh ρB1B¯2
)]
. (4.11)
The action for the worldsheet fermions comprises the left-moving Majorana-Weyl fermions coming
from the SU(2)×SU(2)×SL(2,R)N = (1, 0) super-wzw action,2 respectively (ζ1, ζ2), (ζ3, ζ4) and
(ζ5, ζ6), supplemented by six right-moving Majorana-Weyl fermions coming from the Spin(32)1/Z2
sector, that we denote ξ¯a, a = 1, .., 6:
SFer(A,B) =
1
4pi
∫
d2z
[ 6∑
i=1
ζi∂¯ζi − 2(ζ1ζ2 − ζ3ζ4)A¯
− 2(ζ1ζ2 + ζ3ζ4 + 2ζ5ζ6)B¯2 + 6∑
a=1
ξ¯a∂ξ¯a − 2`A ξ¯1ξ¯2 − 2B¯1
(
ξ¯3ξ¯4 + `ξ¯5ξ¯6
)]
. (4.12)
Note in particular that both actions (4.11) and (4.12) are in keep with the normalization of the gauge
fields required by the peculiar form of the second (asymmetric) gauging (4.4).
4.3 Background fields at lowest order in α′
Finding the background fields corresponding to a heterotic coset theory is in general more tricky than
for the usual bosonic or type II cosets, because of the worldsheet anomalies generated by the various
pieces of the asymmetrically gauged WZW model. In our analysis, we will closely follow the methods
used in [38,62]. A convenient way of computing the metric, Kalb-Ramond and gauge field background
from a heterotic gauged WZW model consists in bosonizing the fermions before integrating out the
gauge field.
One will eventually need to refermionize the appropriate scalars to recover a heterotic sigma-
model in the standard form, i.e. (see [63, 64]):
S =
1
4pi
∫
d2z
[
2
α′ (gij + Bij)∂Xi∂¯Xj + gijζi∇¯(Ω+)ζj + ξ¯A∇(A)AB ξ¯B + 14FABij ξ¯Aξ¯Bζiζj
]
(4.13)
where the worldsheet derivative ∇¯(Ω+) is defined with respect to the spin connexion Ω+ with torsion
and the derivative∇(A) with respect to the space-time gauge connexion A.
The details of this bosonization-refermionization procedure for the coset under scrutiny are given
in appendix A. At leading order in α′ (or more precisely at leading order in a 1/k expansion) we thus
obtain, after integrating out classically the gauge fields, the bosonic part of the total action as follows:
1The left-moving purely bosonic SU(2) × SU(2) currents of the Cartan considered here are normalized as j31 =
i
√
k − 2 (∂ψ1 + cos θ1 ∂φ1) and j32 = i
√
k − 2 (∂ψ2 + cos θ2 ∂φ2), while the SL(2,R) left- and right-moving ones read
k3 = i
√
k
2
+ 2 (∂φL + cosh ρ ∂φR) and k¯3 = i
√
k
2
+ 2 (∂¯φR + cosh ρ ∂¯φL).
2We did not include the fermionic superpartners of the gauged currents, as they are gauged away.
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SB =
k
8pi
∫
d2z
[
1
2
∂ρ∂¯ρ+ ∂θ1∂¯θ1 + ∂θ2∂¯θ2 + sin
2 θ1 ∂φ1∂¯φ1 + sin
2 θ2 ∂φ2∂¯φ2
+ 12 tanh
2 ρ (∂ψ + cos θ1 ∂φ1 + cos θ2 ∂φ2)(∂¯ψ + cos θ1 ∂¯φ1 + cos θ2 ∂¯φ2)
+
1
2
(
cos θ1 ∂φ1 + cos θ2 ∂φ2
)
∂¯ψ − 1
2
∂ψ
(
cos θ1 ∂¯φ1 + cos θ2 ∂¯φ2
)]
, (4.14)
while the fermionic part of the action is given by
SF =
k
4pi
∫
d2z
[ 6∑
i=1
ζi∂¯ζi + (ζ¯1, ζ¯2)
[
1I2 ∂ + (cos θ1 ∂φ1 − cos θ2 ∂φ2) iσ2
](ξ¯1
ξ¯2
)
+ Ξ¯>
[
1I4 ∂ +
`
cosh ρ
(
∂ψ + cos θ1 ∂φ1 + cos θ2 ∂φ2
)
iσ2 ⊗
(
1 0
0 `
)]
Ξ¯
− 1` ξ¯1ξ¯2
(
ζ1ζ2 − ζ3ζ4)+ 1
`2 cosh ρ
(
ξ¯3ξ¯4 + `ξ¯5ξ¯6
)(
ζ1ζ2 + ζ3ζ4 + 2ζ5ζ6
)]
, (4.15)
with Ξ¯> = (ξ¯3, ξ¯4, ξ¯5, ξ¯6). In addition, a non-trivial dilaton is produced by the integration of the
worldsheet gauge fields
Φ = Φ0 − 12 ln cosh ρ . (4.16)
The background fields obtained above exactly correspond to the double-scaling limit of the su-
pergravity solution (3.29) for a particular choice of vectors ~p and ~q, after the change of coordinate
cosh ρ = (r/a)4 = R4 . (4.17)
As noticed in section 3.5, the blow-up parameter, which is not part of the definition of the coset CFT, is
absorbed in the dilaton zero-mode. It is straightforward – but cumbersome – to extend the computation
to a more generic choice of bundle. This would lead to the background fields reproducing the generic
supergravity solution (3.29).
In this section we left aside the discussion of the necessary presence of a Z2 orbifold acting on the
T 1,1 base of the conifold. Its important consequences will be tackled below.
5 Worldsheet Conformal Field Theory Analysis
In this section we provide the algebraic construction of the worldsheet CFT corresponding to theN =
(1, 0) gauged WZW model defined in section 4. We have shown previously that the non-linear sigma
model with the warped deformed orbifoldized conifold as target space is given by the asymmetric
coset:
SL(2,R)k/2 ×
(
U(1)L \SU(2)k × SU(2)k
)
U(1)L × U(1)R , (5.1)
which combines a left gauging of SU(2) × SU(2) with a pair of chiral gaugings which also involve
the SL(2,R) WZW model. In addition, the full worldsheet CFT comprises a flat R3,1 piece, the right-
moving heterotic affine algebra and an N = (1, 0) superghost system. We will see later on that
the coset (5.1) has an enhanced worldsheet N = (2, 0) superconformal symmetry, which allows to
achieve N = 1 target-space supersymmetry.
In the following, we will segment our algebraic analysis of the worldsheet CFT for clarity’s sake,
and deal separately with the singular conifold case, before moving on to treat the resolved geometry.
This was somehow prompted by fact that the singular construction appears as a non-trivial building
block of the ’resolved’ CFT, as we shall see below.
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5.1 A CFT for the T 1,1 coset space
For this purpose, we begin by restricting our discussion to the CFT underlying the non-Einstein T 1,1
base of the conifold, which is captured by the coset space [SU(2) × SU(2)]/U(1). In addition,
this space supports a gauge bundle specified by the vector of magnetic charges ~p. Then, the full
quantum theory describing the throat region of heterotic strings on the torsional singular conifold,
can be constructed by tensoring this CFT with R3,1, the heterotic current algebra and a linear dilaton
RQ with background charge1
Q =
√
4
k
. (5.2)
Focusing now on the T 1,1 space, we recall the action (4.2) of the first gauging on the group element
(g1, g2) ∈ SU(2) × SU(2), supplemented with an action on the left-moving fermions dictated by
N = 1 worldsheet supersymmetry. As seen in section 4, the anomaly following from this gauging is
compensated by a minimal coupling to the worldsheet fermions of the gauge sector of the heterotic
string, specified by the shift vector ~p.
By algebraically solving the coset CFT associated with this gauged WZW model, we are led to
the following constraints on the zero-modes of the affine currents J31.2 of the SU(2)× SU(2) Cartan
subalgebra:2
(J31 )0 − (J32 )0 = ~p · ~QF , (5.3)
where ~QF denotes the so(32) weight of a given state. The affine currents of the ŝo(32) algebra can be
alternatively written in the fermionic or bosonic representation as
¯i(z¯) = ξ¯2i−1ξ¯2i(z¯) =
√
2
α′
∂¯Xi(z¯) , i = 1, . . . 16 , (5.4)
and the components of ~QF can be identified with the corresponding fermion number (mod 2).
In order to explicitly solve the zero-mode constraint (5.3) at the level of the one-loop partition
function, it is first convenient to split the left-moving supersymmetric SU(2) characters in terms of
the characters of an SU(2)/U(1) super-coset:3
χjϑ
[
a
b
]
=
∑
m∈Z2k
Cjm
[
a
b
]
Θm,k . (5.5)
Next, to isolate the linear combination of Cartan generators appearing in (5.3), one can combine the
two theta-functions at level k corresponding to the Cartan generators of the two ŝu(2)k algebras by
using the product formula:
Θm1,kΘm2,k =
∑
s∈Z2
Θm1−m2+2ks,2kΘm1+m2+2ks,2k . (5.6)
Thus, the gauging yielding the T 1,1 base will effectively ’remove’ the U(1) corresponding to the first
theta-function. For simplicity, we again limit ourselves to the same minimal choice of shift vectors as
1In the near-brane regime of (3.1), the conformal factorH ∼ Q5/r2 cancels out the r2 factor in front of the T 1,1 metric,
hence the latter factorizes in the blow-down limit.
2These are the total currents of theN = 1 affine algebra, including contributions of the worldsheet fermion bilinears.
3These super-cosets correspond to N = 2 minimal models. Some details about their characters Cjm
[
a
b
]
are given in
appendix B.
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in (4.9), namely ~p = (2`, 015), ` ∈ Z, which implies by (4.3)1
k = 4`2 . (5.7)
Then the gauging will involve only a single right-moving Weyl fermion. Its contribution to the parti-
tion function is given by a standard fermionic theta-function:
ϑ
[
u
v
]
(τ) =
∑
N∈Z
q
1
2
(N+u
2
)2eipiv(N+
u
2
) , (5.8)
where
[
u
v
]
denote the spin structure on the torus. The solutions of the zero-mode constraint (5.3) can
be obtained from the expressions (5.6) and (5.8). It gives (see [65, 66] for simpler cosets of the same
type):
m1 −m2 = 2`(2M + u) , M ∈ Z2` . (5.9)
We are then left, for given SU(2) spins j1 and j2, with contributions to the coset partition function of
the form∑
m1∈Z8`2
Cj1m1
[
a
b
]
χ¯j1
∑
M∈Z2`
eipiv(M+
u
2 )Cj2m1−2`(2M+u)
[
a
b
]
χ¯j2
∑
s∈Z2
Θ2m1−2`(2M+u)+8`2s,8`2 .
(5.10)
One can in addition simplify this expression using the identity∑
s∈Z2
Θ2m1−2`(2M+u)+8`2s,8`2 = Θm1−`(2M+u),2`2 . (5.11)
Note that the coset partition function by itself cannot be modular invariant, since fermions from the
gauge sector of the heterotic string were used in the coset construction.
5.2 Heterotic strings on the singular conifold
The full modular-invariant partition function for the singular torsional conifold case can now be es-
tablished by adding (in the light-cone gauge) the R2 × RQ contribution, together with the remaining
gauge fermions. Using the coset defined above, one then obtains the following one-loop amplitude:
Z(τ, τ¯) =
1
(4piτ2α′)5/2
1
η3η¯3
1
2
∑
a,b
(−)a+bϑ
[
a
b
]2
η2
∑
m1∈Z2k
∑
M∈Z2`
1
2
∑
u,v∈Z2
Θm1−2`(M+u/2),2`2
η
×
×
k−2∑
2j1,2j2=0
Cj1m1
[
a
b
]
Cj2m1−2`(2M+u)
[
a
b
]
eipiv(M+
u
2 )χ¯j1χ¯j2
ϑ¯
[
u
v
]15
η¯15
. (5.12)
The terms on the second line correspond to the contribution of the R2 × RQ × U(1) piece with the
associated left-moving worldsheet fermions. Their spin structure is given by
[
a
b
]
, with a = 0 (resp.
a = 1) corresponding to the NS (resp. R) sector. Again, the spin structure of the right-moving
heterotic fermions for the Spin(32)/Z2 lattice is denoted by
[
u
v
]
(see the last term in this partition
1We will see later that the evenness of k is a necessary condition to the resolution of the conifold by a blown-up four-
cycle.
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function). One may as well consider theE8×E8 heterotic string theory, by changing the spin structure
accordingly.
We notice that the full right-moving SU(2)×SU(2) affine symmetry, corresponding to the isome-
tries of the S2 × S2 part of the geometry, is preserved, while the surviving left-moving U(1) current
represents translations along the S1 fiber. In the partition function (5.12), the U(1) charges are given
by the argument of the theta-function at level 2`2. Later on, we will realize this U(1) in terms of the
canonically normalized free chiral boson XL(z).
Space-time supersymmetry
The left-moving part of the CFT constructed above, omitting the flat space piece, can be described as
an orbifold of the superconformal theories:
[
R1/` × U(1)2`2
]× SU(2)k
U(1)
× SU(2)k
U(1)
. (5.13)
The term between the brackets corresponds to a linear dilaton ρ with background charge Q = 1` ,
together with a U(1) at level 2`2 (associated with the bosonic field XL) and a Weyl fermion. This sys-
tem has N = (2, 0) supersymmetry, as it can be viewed as the holomorphic part of N = 2 Liouville
theory at zero coupling. The last two factors are SU(2)/U(1) super-cosets which are N = 2 mini-
mal models. One then concludes that the left-moving part of the CFT has an N = 2 superconformal
symmetry. The associated R-current reads :
JR(z) = iψ
ρψX +
√
2
α′
i∂XL
`
+ iζ1ζ2 − J
3
1
2`2
+ iζ3ζ4 − J
3
2
2`2
. (5.14)
One observes from the partition function (5.12) that the U(1) charge under the holomorphic current
i
√
2/α′∂XL/`, given by the argument of the theta-function at level 2`2, is always such that the total
R-charge is an integer of definite parity. Therefore, with the usual fermionic GSO projection, this
theory preserves N = 1 supersymmetry in four dimensions a` la Gepner [67].
5.3 Orbifold of the conifold
The worldsheet CFT discussed in sections 5.1 and 5.2, as it stands, defines a singular heterotic string
background, at least at large ρ where the string coupling constant is small. In addition, it is licit to
take an orbifold of the T 1,1 base in a way that preserves N = 1 supersymmetry. If one resolves the
singularity with a four-cycle, a Z2 orbifold is actually needed. From the supergravity point of view,
this removes the conical singularity at the bolt, while from the CFT perspective, the presence of the
orbifold is related to worldsheet non-perturbative effects, as will be discussed below.
Among the possible supersymmetric orbifolds of the conifold, we consider here a half-period shift
along the S1 fiber of T 1,1 base :
T : ψ ∼ ψ + 2pi , (5.15)
which amounts to a shift orbifold in the lattice of the chiral U(1) at level ||~p 2||/2. As the coordinate ψ
on the fiber is identified with corresponding coordinates on the Hopf fibers of the two three-spheres,
i.e. ψ/2 = ψ1 = ψ2, the modular-invariant action of the orbifold can be conveniently derived by
orbifoldizing on the left one of the two SU(2) WZW models along the Hopf fiber (which gives the
N = (1, 0) worldsheet CFT for a Lens space), before performing the gauging (4.2). This orbifold is
consistent provided k is even, which is clearly satisfied for the choice ~p = (2`, 015) we have made
28
so far. Then, the coset CFT constructed from this orbifold theory will automatically yield a modular-
invariant orbifold of the T 1,1 CFT.
The partition function for the singular orbifoldized conifold is derived as follows. We should first
make in the partition function (5.12) the following substitution
Cj2m1−2`(2M+u)
[
a
b
]
→ 1
2
∑
γ,δ∈Z2
eipiδ(m1+2`
2γ)Cj2
m1+4`2γ−2`(2M+u)
[
a
b
]
, (5.16)
which takes into account the geometrical action of the orbifold. As expected, the orbifold projection,
given by the sum over δ, constrains the momentum along the fiber to be even, both in the untwisted
sector (γ = 0) and in the twisted sector (γ = 1). Using the reflexion symmetry (B.11), this expression
is equivalent to
1
2
∑
γ,δ∈Z2
eipiδ(2j2+(2`
2−1)γ)Cj2+γ(k/2−2j2−1)m1−2`(2M+u)
[
a
b
]
(−)δa+γb+γδ . (5.17)
The phase factor (−)δa+γb+γδ gives the action of a (−)FL orbifold, FL denoting the left-moving
space-time fermion number. Therefore the orbifold by itself is not supersymmetric, as space-time
supercharges are constructed out of SU(2)/U(1) primaries with j1 = j2 = 0 in the R sector (a = 1).
In order to obtain a supersymmetric orbifold one then needs to supplement this identification with
a (−)FL action in order to offset this projection. Then, we will instead quotient by T (−)FL , which
preserves space-time supersymmetry.
The last point to consider is the possible action of the orbifold on the Spin(32)/Z2 lattice. In this
case, there is a specific constraint to be satisfied that will guide us in the selection of the right involution
among all the possible ones. From the form of the orbifold projection in expression (5.17) one notices
that in the twisted sector (γ = 1) the SU(2) spin j2 needs to be half-integer. As we will discuss
below, if we consider the worldsheet CFT for the resolved conifold, this leads to an inconsistency due
to worldsheet non-perturbative effects. Note that this problem is only due to the particular choice of
shift vectors ~p of the form (4.9) satisfying ~p 2 ≡ 0 mod 4, rather than ~p2 ≡ 2 mod 4 which is more
natural in supergravity.1
However, as one would guess, the situation is not hopeless. In this example, as in other models
with ~p 2 ≡ 0 mod 4, one way to obtain the correct projection in the twisted sector is to supplement the
Z2 geometrical action with a (−)S¯ projection in the Spin(32)/Z2 lattice, defined such that spinorial
representations of Spin(32) are odd.2 This has the effect of adding an extra monodromy for the gauge
bundle, around the orbifold singularity. Overall one mods out the conifold CFT by the Z2 symmetry
R = T (−)FL+S¯ . (5.18)
Combining the space-time orbifold as described in eq. (5.17) with the (−)S¯ action, one obtains a CFT
for orbifoldized conifold, which is such that states in the left NS sector have integer SU(2)× SU(2)
spin in the orbifold twisted sector. The full partition function of this theory reads:
1This choice was made for convenience, as it involves the minimal number of right-moving fermions. One can check
that all coset models with ~p ≡ 2 mod 4 involve a larger number of right-moving worldsheet fermions. In such cases, one
cannot obtain a partition function explicitly written in terms of standard fermionic characters (although the CFT is of course
well-defined).
2It has a similar effect as the (−)FL projection on the left-movers.
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Z(τ, τ¯) =
1
(4piτ2α′)5/2
1
η3η¯3
1
2
∑
a,b
(−)a+bϑ
[
a
b
]2
η2
k−2∑
2j1,2j2=0
∑
m1∈Z2k
Cj1m1
[
a
b
]
1
2
∑
u,v∈Z2
ϑ¯
[
u
v
]15
η¯15
×
× 1
2
∑
γ,δ∈Z2
(−)δ(2j2+2`2γ+u)+vγ
∑
M∈Z2`
C
j2+γ(k/2−2j2−1)
m1−2`(2M+u)
[
a
b
]
eipiv(M+
u
2 )
Θm1−2`(M+u/2),2`2
η
χ¯j1χ¯j2 .
(5.19)
To conclude, we insist that if one chooses a gauge bundle with ~p 2 ≡ 2 mod 4, no orbifold
action on the gauge bundle is needed in order to obtain a consistent worldsheet CFT for the resolved
orbifoldized conifold.
5.4 Worldsheet CFT for the Resolved Orbifoldized Conifold
In this section, we move on to construct the worldsheet CFT underlying the resolved orbifoldized
conifold with torsion (3.29), which possesses a non-vanishing four-cycle at the tip of the cone. As a
reminder, this theory is defined by both gaugings (4.2,4.4), where the second one now also involves
an SL(2,R)N = (1, 0) WZW model at level k/2 and comprises an action on the Spin(32)/Z2 lattice
parametrized by the vector ~q.
Denoting byK3 the left-moving total affine current corresponding to the elliptic Cartan of sl(2,R)
and by k¯3 the right-moving purely bosonic one, the gauging leads to two constraints on their zero
modes :
K30 =
√
α′k′
2
pX , 2k¯
3
0 = −~q · ~QF , (5.20)
where pX is the momentum of the chiral boson XL. As for the first gauging, these constraints can
be solved by decomposing the SL(2,R) characters in terms of the (parafermionic) characters of the
coset SL(2,R)/U(1) and of the time-like U(1) which is gauged.
We consider from now on the model obtained for the choice of shift vectors ~p and ~q given by
eq. (4.9), minimally solving the anomaly cancellation conditions (4.6,4.7). This choice implies also
that the SL(2,R) part of the gauged WZW model will be the same as for an N = (1, 1) model (as
the third entry of ~q corresponds to the worldsheet-supersymmetric coupling of fermions to the gauged
WZW model). The supersymmetric level of SL(2,R) in this example is k′ = 2`2. Conveniently one
can then use the characters of the super-coset both for the left- and right-movers.1 Then, the third
entry of the shift vector ~q (4.9) corresponds to the minimal coupling of the gauge field to an extra
right-moving Weyl fermion of charge `.
Solving for the constraints (5.20), one obtains the partition function for Spin(32)/Z2 heterotic
strings on the resolved orbifoldized conifold with torsion. The first contribution comes from continu-
ous representations, of SL(2,R) spin J = 12 + iP , whose wave-function is delta-function normaliz-
able. It reads
Zc(τ, τ¯) =
1
(4piτ2α′)2
1
η2η¯2
1
2
∑
a,b
(−)a+bϑ
[
a
b
]
η
4`2−2∑
2j1,2j2=0
∑
m1∈Z8`2
Cj1m1
[
a
b
]
× 1
2
∑
u,v∈Z2
1
2
∑
γ,δ∈Z2
(−)δ(2j2+2`2γ+u)+vγ
∑
M,N∈Z2`
(−)v(M+N+u)Cj2+γ(k/2−2j2−1)m1−2`(2M+u)
[
a
b
]
χ¯j1χ¯j2
ϑ¯
[
u
v
]13
η¯13
1These characters, identical to the ones ofN = 2 Liouville theory, are described in appendix B.
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× 4√
α′k
∫ ∞
0
dP Chc
[
a
b
] (
1
2 + iP,
m1
2 − `(M + u2 ); τ
)
Chc
[
u
v
] (
1
2 + iP, `(N +
u
2 ); τ¯
)
. (5.21)
By using the explicit expression for the charactersChc
[
a
b
]
(12 +iP, n) of the continuous representations
of SL(2,R) (see eq. (B.17)), one can show that this contribution to partition function is actually
identical to the partition function (5.19) for the orbifoldized singular conifold. This is not suprising,
as the one-loop amplitude (5.21) captures the modes that are not localized close to the singularity and
hence are not sensitive to its resolution.1
More interestingly, we have discrete representations appearing in the spectrum, labelled by their
SL(2,R) spin J > 0. They correspond to states whose wave-function is localized near the resolved
singularity, i.e. for r ∼ a. Their contribution to the partition function is as follows
Zd(τ, τ¯) =
1
(4piτ2α′)2
1
η2η¯2
1
2
∑
a,b
(−)a+bϑ
[
a
b
]
η
4`2−2∑
2j1,2j2=0
∑
m1∈Z8`2
Cj1m1
[
a
b
]
× 1
2
∑
u,v∈Z2
1
2
∑
γ,δ∈Z2
(−)δ(2j2+2`2γ+u)+vγ
∑
M,N∈Z2`
(−)v(M+N+u)Cj2+γ(k/2−2j2−1)m1−2`(2M+u)
[
a
b
]
χ¯j1χ¯j2
ϑ¯
[
u
v
]13
η¯13
×
2`2+2∑
2J=2
Chd
[
a
b
] (
J, m12 − `(M + u2 )− J − a2 ; τ
)
Chd
[
u
v
] (
J, `(N + u2 )− J − u2 ; τ¯
)
× δ[2]m1−`(2M+u)−a,2J δ
[2]
`(2N+u)−u,2J , (5.22)
where the mod-two Kronecker symbols ensure that relation (B.13) holds. These discrete states break
part of the gauge symmetry which was left unbroken by the first gauging.
As can be checked from the partition function (5.22), the resolution of the singularity preserves
N = 1 space-time supersymmetry. Indeed, the left-moving part of the one-loop amplitude con-
sists in a tensor product of N = 2 superconformal theories (the SL(2,R)/U(1) and two copies of
SU(2)/U(1) super-cosets) whose worldsheet R-charges add up to integer values of definite parity.
Getting the explicit partition function for generic shift vectors ~p and ~q is not conceptually more
difficult, but technically more involved. One needs to introduce the string functions associated with
the coset CFT [Spin(32)/Z2]/[U(1) × U(1)], where the embedding of the two gauged affine U(1)
factors are specified by ~p and ~q. In the fermionic representation, this amounts to repeatedly use product
formulas for theta-functions. The actual form of the results will clearly depend on the arithmetical
properties of the shift vectors’ entries.
5.5 Worldsheet non-perturbative effects
The existence of a worldsheet CFT description for the heterotic resolved conifold background gives us
in addition a handle on worldsheet instantons effects. As for the warped Eguchi-Hanson background
analyzed in [28], at least part of these effects are captured by worldsheet non-perturbative corrections
to the SL(2,R)/U(1) super-coset part of the CFT. In the present context, these corrections should
correspond to string worldsheets wrapping the CP 1’s of the blown-up four-cycle.
It is actually known [70–72] that the SL(2,R)/U(1) coset receives non-perturbative corrections
in the form of a sine-Liouville potential (or anN = 2 Liouville potential in the supersymmetric case).
1The effect of the resolution can be however observed in the sub-dominant term of the density of continuous representa-
tions, that does not scale with the infinite volume of the target space and is related to the reflexion amplitude by the Liouville
potential discussed below, see [68, 69].
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Thus, to ensure that the worldsheet CFT is non-perturbatively consistent, one needs to check whether
the operator corresponding to this potential, in its appropriate form, is part of the physical spectrum of
the theory. Whenever this is not the case, the resolution of the conifold singularity with a four-cycle
is not possible.
The marginal deformation corresponding to this Liouville potential can be written in an asymptotic
free-field description, valid in the large ρ region far from the bolt. There, ρ can be viewed as a linear
dilaton theory, as for the singular conifold theory. Let us begin with the specific choice of gauge
bundle corresponding to the model (5.21). The appropriate Liouville-type interaction reads in this
case (using the bosonic representation of the Cartan generators in (5.4)):1
δS = µL
∫
d2z (ψρ + iψX)(ξ¯5 + iξ¯6)e−`(ρ+iXL+iY
2
R ) + c.c. . (5.23)
Note that the contribution of the SU(2)/U(1) coset is trivial. One now requires the operator appearing
in the deformation (5.23) to be part of the physical spectrum, at super-ghost number zero. If so, it can
be used to de-singularize the background.
We proceed to determine the quantum numbers of this operator to be able to identify its contribu-
tion in the partition function (5.19). Let us begin by looking at the holomorphic part. We denote by
pX = −` the momentum of the compact boson XL. Looking at the partition function for the singular
conifold (5.19), a state with such momentum for XL obeys the condition
m1 − `(2M + u) ≡ −2`2 mod 4`2 . (5.24)
For this operator to be in the right-moving NS sector we require u = 0. Secondly we want the
contributions of both SU(2)/U(1) super-cosets to be isomorphic to the identity. The solution to these
constraints is given by2
m1 = 0 , M = ` (5.25)
In order to obtain the identity operator, one selects the representations j1 = 0 and j2 = 0 respectively.
The reflexion symmetry (B.11) maps the contribution of the second SU(2)/U(1) super-coset – which
belongs to the twisted sector of the Z2 orbifold (5.18) – to the identity. This property also ensures that
the Liouville potential in (5.23) is even under the left-moving GSO projection.3
On the right-moving side, one first needs to choose the momentum of Y 2R to be p¯Y = −`. This
implies that the state under consideration has N = −` in the partition function (5.19). Secondly,
having j1 = j2 = 0 ensures that the right SU(2)k × SU(2)k contribution is trivial. This would not
have be possible without the Z2 orbifold. This shows that, as in [28], the presence of the orbifold is
dictated by the non-perturbative consistency of the worldsheet CFT. This illustrates in a remarkable
way how the condition in supergravity guaranteeing the absence of a conical singularity at the bolt
manifests itself in a fully stringy description.
A last possible obstruction to the presence of the Liouville potential (5.23) in the spectrum comes
from the right-moving GSO projection, defined in the fermionic representation of the Spin(32)/Z2
lattice, given in (5.19) by the sum over v. Now, the right worldsheet fermion number of the Liouville
potential (5.23) is given by
F¯ = `+ 1 mod 2 , (5.26)
1We set here α′ = 2 for convenience. The bosonic fields X ,Y i and ρ, as well as the fermionic superpartners, are all
canonically normalized.
2Note that the two SU(2)/U(1) cosets seem naively to play inequivalent roles; this simply comes from the fact that we
are solving the coset constraint (5.9) in a way that is not explicitly invariant under permutation of the two cosets.
3Indeed, as a (−)b factor appears in the right-hand side of the identity (B.11), the left GSO projection is reversed.
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and, in addition, the right-moving GSO projection receives a contribution related to the momentum
pX , which can be traced back to the coset producing the T 1,1 base of the conifold (see the phase
(−)vM in the partition function (5.19) of our model).
As we are in the twisted sector of the Z2 orbifold, the heterotic GSO projection is reversed (because
of the (−)vγ factor). Overall, the right GSO parity of the Liouville operator (5.23) is then 2` mod 2.
Therefore the Liouville potential (5.23) is part of the physical spectrum for any `.
In the CFT for the resolved conifold, the operator corresponding to the Liouville potential belongs
to the discrete representation of SL(2,R) spin J = `2. One can check from the partition function of
the discrete states (5.22) that it is indeed physical. This operator is also chiral w.r.t. both the left and
right N = 2 superconformal algebras of SL(2,R)/U(1)× SU(2)/U(1)× SU(2)/U(1).
Non-perturbative corrections for generic bundles
This analysis can be extended to a generic Abelian gauge bundle over the resolved conifold, i.e. for
an arbitrary shift vector ~q leading to a consistent gauged WZW model. One can write the necessary
Liouville potential in a free-field description as
δS = µL
∫
d2z(ψρ + iψX)e−
√
~q 2−4
2
(ρ+iXL) e
i
2
~q·~YR + c.c. . (5.27)
Again we require this operator to be part of the physical spectrum of the heterotic coset CFT (5.1),
taking into account the GSO and orbifold projections.
We have to discuss two cases separately:
• Bundles with c1(V ) ∈ H2(M6, 2Z)
Let us first start by looking at bundles with ~p 2 ≡ 2 mod 4, for which the orbifold allows the Liouville
operator to be in the spectrum without any action in the Spin(32)/Z2 lattice (see the discussion in
subsection 5.3). On top of the parity under the orbifold projection, on also needs to check that the
right GSO projection is satisfied. The right worldsheet fermion number of this operator is given by
F¯ =
1
2
16∑
i=1
qi . (5.28)
As for the particular example above, the right GSO projection also receives a contribution from the
XL momentum. The generalization of the (−)v` phase found there to a generic Abelian bundle can be
shown to be:
e
ipi
2
v
16∑
i=1
pi
. (5.29)
Therefore, one concludes that the gauge bundle associated with the resolution of the conifold needs
to satisfy the constraint
1
2
16∑
i=1
(qi − pi) ≡ 0 mod 2 . (5.30)
We observe (as for the warped Eguchi-Hanson heterotic CFT, see [28]) that this condition is similar
to one of the two conditions given by eq. (3.19). Considering only bundles with vector structure, the
constraints (5.30) and (3.19) are just the same. If we choose instead a bundle without vector structure,
the entries of ~q are all odd integers, see (3.18). Therefore the condition of right GSO invariance of the
complex conjugate Liouville operator actually reproduces the second constraint of eq. (3.19).
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To make a long story short, this means that, in all cases, requiring the existence of a Liouville
operator invariant under the right GSO projection in the physical spectrum is equivalent to the condi-
tion (2.13) on the first Chern class of the gauge bundle, i.e. that c1(V ) ∈ H2(M6, 2Z). This remark-
able relation between topological properties of the gauge bundle and the GSO parity of worldsheet
instanton corrections may originate from modular invariance, that relates the existence of spinorial
representations of the gauge group to the projection with the right-moving worldsheet fermion num-
ber.
• Bundles with c1(V ) ∈ H2(M6, 2Z+ 1)
We now consider bundles with ~p 2 ≡ 0 mod 4, for which an orbifold action in the Spin(32)/Z2
lattice is necessary for the Liouville operator to be part of the physical spectrum. The (−)S¯ action in
the orbifold has the effect of reversing the GSO projection in the twisted sector. Hence we obtain the
condition
1
2
16∑
i=1
(qi − pi) ≡ 1 mod 2 , (5.31)
which now entails c1(V ) ∈ H2(M6, 2Z + 1). This condition on the first Chern class is the opposite
(in evenness) to the standard condition on c1(V ) appearing in the previous case (5.30); this fact can
be traced back to the extra monodromy of the gauge bundle around the resolved orbifold singularity.
5.6 Massless spectrum
In this section, we study in detail the massless spectrum of the resolved heterotic conifold with torsion.
As in [28], the gauge bosons corresponding to the unbroken gauge symmetry are non-normalizable,
hence do not have support near the resolved singularity. In contrast, the spectrum of normalizable,
massless states consists in chiral multiplets of N = 1 supersymmetry in four dimensions.
As all the states in the right Ramond sector are massive, we restrict ourselves to the NS sector
(u = 0). In this case the orbifold projection enforces j2 ∈ Z. One first looks for chiral operators w.r.t.
the left-movingN = 2 superconformal algebra of the coset (5.1) of worldsheet R-charge QR = ±1.1
Then, one must pair them with a right-moving part of conformal dimension ∆¯ = 1. In the special
case studied here, which also comprises a rightN = 2 superconformal algebra for the SL(2,R)/U(1)
factor, one can start with right chiral primaries of SL(2,R)/U(1), tensored with conformal primaries
of the bosonic SU(2)k−2×SU(2)k−2, which overall yields a state of dimension ∆¯ = 1/2. A physical
state of dimension one can then be constructed either by:
• adding a fermionic oscillator ξ¯a−1/2 from the free SO(26)1 gauge sector. This gives a state in
the fundamental representation of SO(26).
• taking the right superconformal descendant of the (1/2, 1/2) state using the global right-moving
superconformal algebra of the SL(2,R)/U(1) coset (i.e. acting with G¯−1/2). This leads to a
singlet of SO(26).
In both cases, one needs to check, using the discrete part of the partition function (5.22), that such
physical states actually exist.
The U(1) symmetry corresponding to translations along the S1 fiber of T 1,1 (of coordinate ψ)
corresponds to an R-symmetry in space-time (of four-dimensional N = 1 supersymmetry). In the
1Note that states withQR = 0 in the conifold CFT cannot give massless states, as the identity operator is not normalizable
in the SL(2,R)/U(1) CFT.
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worldsheet CFT for the singular conifold, the associated affine U(1) symmetry is realized in terms of
the chiral boson XL. Therefore the R-charge R in space-time is given by the argument of the theta-
function at level ~p 2/2 (see the partition function (5.19).1 In the resolved geometry it is broken to a
Z~q2/2−2 discrete subgroup by the Liouville potential (5.27).
Untwisted sector
Let us begin by discussing the untwisted sector. On the left-moving side, one can first consider states
of the (a, a, a) type, i.e. antichiral w.r.t. the N = 2 superconformal algebras of the SL(2,R)/U(1)
and the two SU(2)/U(1) super-cosets. For properties of these chiral primaries we refer the reader to
appendix B. States of this type have conformal dimension one-half provided the SL(2,R) spin obeys
J = 1 +
j1 + j2
2
. (5.32)
The condition relating the R-charges of the three coset theories, as can be read from the partition
function (5.22), imply that:2
m1 − 2`M = 2(J − 1) = j1 + j2
m1 = 2j1
m1 − 4`M = 2j2
=⇒ j1 − j2 = 2`M . (5.33)
Then, one can first tensor states of this kind with right chiral primaries of SL(2,R)/U(1) (denoted c¯).
The conformal dimension of the conformal primary obtained by adding the SU(2)k−2 × SU(2)k−2
contribution has the requested dimension ∆¯ = 1/2, provided that
(j1 + 1)
2 + (j2 + 1)
2 = 2`2 , (5.34)
and the R-charge of SL(2,R)/U(1) is such that j1 + j2 + 2 = 2`N .
There exists a single solution to all these constraints for N = 1 and M = 0, leading to a
(a, a, a)U ⊗ c¯ state with J = ` and j1 = j2 = ` − 1. Starting instead with a right anti-chiral
primary of SL(2,R)/U(1) (denoted a¯), we arrives at the two constraints{
j21 + j
2
2 = 0
j1 + j2 = 2`N
, (5.35)
which can simultaneously be solved by setting J = 1 and j1 = j2 = 0.
One can attempt to obtain other massless states in the untwisted sector of the theory by considering
left chiral primaries of the (c, c, a) or (c, a, c) type. In those cases, however, one finds that there are
no solutions to the corresponding system of constraints, and so no corresponding physical states.
To summarize, the untwisted sector spectrum contains only the following states, that are all even
under the left and right GSO projections :
• Two chiral multiplets in space-time from (a, a, a)U ⊗ c¯ worldsheet chiral primaries with spins
j1 = j2 = ` − 1, one in the singlet and the other one in the fundamental of SO(26). These
states both have space-time R-charge R = 2(`− 1).
1In order to correctly normalize the space-time R-symmetry charges, one needs to ensure that the space-time su-
percharges have R-charges ±1. The latter are constructed from vertex operators in the Ramond sector (a = 1), with
j1 = j2 = 0, m1 = ±1 and M = 0.
2 These three equations correspond respectively to the SL(2,R)/U(1) factor, to the first SU(2)/U(1) super-coset, with
spin j1 and to the second one, with spin j2.
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• Two chiral multiplets from (a, a, a)U ⊗ a¯ primaries with spins j1 = j2 = 0, one in the singlet
and the other one in the fundamental of SO(26). These states both have vanishing space-time
R-charge.
Twisted sector
The analysis of the twisted sector is along the same lines, except that the spin of the second SU(2)/U(1)
is different, and that the right GSO projection is reversed. One can first consider states of the (a, a, a)T
type. The SL(2,R) spin takes the values
J = `2 +
1
2
+
j1 − j2
2
. (5.36)
Then, the relation between the left R-charges entails that
m1 − 2`M = 2(J − 1) = 2`2 − 1 + j1 − j2
m1 = 2j1
m1 − 4`M = 4`2 − 2j2 − 2
=⇒ j1 + j2 + 1 = 2`(M + `) . (5.37)
Now, tensoring the states under consideration with a right chiral primary of SL(2,R)/U(1) does not
give any solution. Instead, tensoring with a right anti-chiral primary of the same leads to the two
constraints: {
j21 + (j2 + 1)
2 = 2`2
j1 − j2 − 1 + 2`2 = 2`N
, (5.38)
which are simultaneously solved by N = ` and M = 1 − `. This corresponds to a state with spins
j1 = `, j2 = `− 1 and J = `2 + 1.
A second kind of physical states is obtained by starting from a left (c, a, c)T chiral primary, with
SL(2,R) spin obeying
J = `2 − j1 + j2
2
. (5.39)
Repeating the previous analysis, the relation between the R-charges dictates
m1 − 2`M = 2J = 2`2 − j1 − j2
m1 = 2j1
m1 − 4`M = 4`2 − 2j2
=⇒
{
j1 = 0
j2 = 2`(`+M)
. (5.40)
Then for a right chiral primary c¯ of SL(2,R)/U(1), this leads to the conditions:{
4`2(M + `)2 = 0
`(M +N) = 0
, (5.41)
with a single solution for M = −` and N = `. This implies j1 = 0, j2 = 0 and J = `2. One can
check that no other combinations of left and right chiral primaries leads to any new massless physical
state.
To summarize, we have found that the twisted sector spectrum only contains the following states:1
1These states are even under the GSO projection because the latter is reversed in the twisted sector of the orbifold.
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Worldsheet chirality SU(2)× SU(2) spin Spacetime R-charge
Untwisted sector (a, a, a)⊗ c¯ j1 = j2 = `− 1 R = 2(`− 1)
(a, a, a)⊗ a¯ j1 = j2 = 0 R = 0
Twisted sector (a, a, a)⊗ a¯ j1 = j2 + 1 = ` R = 2`2
(c, a, c)⊗ c¯ j1 = j2 = 0 R = 2`2
Table 1: Massless spectrum of chiral multiplets in space-time. For each entry of the table one has one
singlet and one fundamental of SO(26).
• Two chiral multiplets in space-time from (a, a, a)T ⊗ a¯ worldsheet chiral primaries with spins
j1 = j2 + 1 = ` and J = `2 + 1, in the singlet and fundamental of SO(26).
• Two chiral multiplets from (c, a, c)T ⊗ c¯ primaries with spins j1 = j2 = 0 and J = `2, in the
singlet and fundamental of SO(26).
All these states have space-time R-chargeR = 2`2. Note that the singlet (c, a, c)T⊗c¯ state corresponds
to the vertex operator that appears in the Liouville interaction (5.23).
We have summarized the whole massless spectrum found in our particular example in table 1.
6 Conclusion and Discussion
In this work, we have constructed a new class of conifold backgrounds in heterotic string theory,
which exhibit non-trivial torsion and support an Abelian gauge bundle. The supersymmetry equations
and the Bianchi identity of heterotic supergravity also imply a non-trivial dilaton and a conformal
factor for the conifold metric.
By implementing a Z2 orbifold on the T 1,1 base, one can consider resolving the conifold singu-
larity (which is in the present case also a strong coupling singularity) by a four-cycle, leading to a
smooth solution. This is a natural choice of resolution in the heterotic context, as the resolution is
then naturally supported by a gauge flux proportional to the normalizable harmonic two-form implied
by Hodge duality. It is of course perfectly possible that, in addition, a deformation of the conifold
singularity is also allowed in the presence of torsion and of a line bundle. This would be an interesting
follow-up of this work, having in mind heterotic conifold transitions.
Numerical solutions for the metric have been found in the large charge limit, such that at infinity
one recovers the Ricci-flat, Ka¨hler conifold, while at finite values of the radial coordinate the conifold
is squashed and warped, and acquires intrinsic torsion, leading to a complex but non-Ka¨hler space.
Remarkably, the region near the resolved conifold singularity, that can be cleanly isolated from
the asymptotically Ricci-flat region by means of a double scaling limit, is found to admit a worldsheet
CFT description in terms of a gauged WZW model. This allows in principle to obtain the background
fields to all orders in α′, providing by construction an exact solution to the Bianchi identity beyond
the large charge limit. We did not explicitly calculate the expressions for the exact background fields,
which is straightforward but technically involved.
Instead, we used the algebraic worldsheet CFT to compute the full string spectrum of the theory,
focusing on a particular class of shift vectors. We found a set of states localized near the resolved
singularity, that give four-dimensional massless N = 1 chiral multiplets in space-time. We also
emphasized the role of non-perturbative α′ effects, or worldsheet instantons, that manifest themselves
as sine–Liouville-like interactions, for generic bundles. We showed in particular how the conditions
necessary for the existence of the corresponding operator in the physical spectrum of the quantum
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theory are related to the Z2 orbifold in the geometry, and how the constraint on the first Chern class
of the Abelian bundle can be exactly reproduced from worldsheet instanton effects.
There are other interesting aspects of this class of heterotic solutions that we did not develop in
the previous sections. We would therefore like to comment here on their holographic interpretation
and their embedding in heterotic flux compactifications.
6.1 Holography
In the blow-down limit a → 0 of the solutions (3.1), the dilaton becomes linear in the whole throat
region, hence a strong coupling singularity appears for r → 0. As reviewed in the introduction,
this breakdown of perturbation theory generically expresses itself in the appearance of heterotic five-
branes, coming from the zero-size limit of some gauge instanton.
In the present context, where the transverse space geometry is the warped conifold, the heterotic
five-branes should be wrapping the vanishing two-cycle on the T 1,1 base, to eventually give rise
to a four-dimensional theory. The H-flux is indeed supported by the three-cycle orthogonal to it,
see (3.1b). In addition, we have a non-trivial magnetic gauge flux (characterized by the shift vector ~p)
threading the two-cycle, which is necessary to satisfy the Bianchi identity at leading order. Hence we
can understand this brane configuration as the heterotic analogue of fractional D3-branes on the coni-
fold (which are actually D5-branes wrapped on the vanishing two-cycle). However here the number
of branes, or the flux number, is not enough to characterize the theory, as one should also specify the
actual gauge bundle intervening in the construction.
Adding a Z2 orbifold to the T 1,1 base of the conifold, one can consider resolving the singularity
by blowing up a CP 1 × CP 1, which, in the heterotic theory, requires turning on a second Abelian
gauge bundle (with shift vector ~q). This does not change the asymptotics of the solution, hence the
dilaton is still asymptotically linear; however the solution is now smooth everywhere. As for the flat
heterotic five-brane solution of CHS [25], this amounts, from the supergravity perspective, to give a
finite size to the gauge instanton.1
From the perspective of the compactified four-dimensional heterotic string, one leaves the singu-
larity in moduli space by moving along a perturbative branch of the compactification moduli space,
changing the vacuum expectation value of the geometrical moduli field associated with the resolution
of the conifold singularity.
Both in the blow-down and in the double-scaling limit, the dilaton is asymptotically linear, hence
a holographic interpretation is expected [39]. The dual theory should be a four-dimensional N = 1
’little string theory’ [73], living on the worldvolume of the wrapped five-branes. Unlike usual cases
of type IIA/IIB holography, one does not have a good understanding of the dual theory at hand, from
a weakly coupled brane construction. Therefore, one should guess its properties from the heterotic
supergravity background. First, its global symmetries can be read from the isometries of the solution.
As for ordinary heterotic five-branes [74], the gauge symmetry of the heterotic supergravity be-
comes a global symmetry. In the present case, SO(32) is actually broken to a subgroup. The breaking
pattern is specified by the shift vector ~p which is in some sense defined at an intermediate UV scale
of the theory, as the corresponding gauge flux in supergravity is not supported by a normalizable
two-form.
Second, the isometries of the conifold itself become global symmetries of the gauge theory, as in
KS theory [29]. The SU(2) × SU(2) isometries of T 1,1 are kept unbroken at the string level, since
they correspond to the right-moving affine su(2) algebras at level ~p 2 − 2.2 As in KS theory, the latter
1Unlike for non-Abelian instantons, in the present case there is no independent modulus giving the size of the instanton.
2However, the spins of the allowed SU(2)× SU(2) representations are bounded from above, as j1, j2 6 ~p 2/2− 1.
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should be a flavour symmetry.
More interestingly, the U(1) isometry along the fiber of T 1,1 is expected to give an R-symmetry
in the dual theory. When the singularity is resolved (in the orbifold theory) by a blown-up four-cycle,
this symmetry is broken by the Liouville potential (5.27) to a discrete Z~q 2/2−2 subgroup. From the
point of view of the dual four-dimensional theory, it means that one considers at the singular point a
theory with an unbroken U(1)R symmetry. The supergravity background is then deformed by adding a
normalizable gauge bundle, corresponding to ~q, without breaking supersymmetry. By usual AdS/CFT
arguments, this corresponds in the dual theory to giving a vacuum expectation value to some chiral
operator, such that the U(1)R symmetry is broken to a discrete subgroup. Note that, unlike for instance
in the string dual of N = 1 SYM [75], this breaking of U(1)R to a Zk/2 subgroup does not mean that
the R-symmetry is anomalous, because the breaking occurs in the infrared (i.e. for r → a) rather than
in the ultraviolet (r → ∞). One has instead a spontaneous breaking of this global symmetry, in a
particular point of moduli space.
Holographic duality in the blow-down limit
From the supergravity and worldsheet data summarized above we will attempt to better characterize
the four-dimensional N = 1 theory dual to the conifold solution under scrutiny. One actually has to
deal with two issues: what is the theory dual to the singular conifold – or, in other words, which mech-
anism is responsible for the singularity – and what is the dual of the orbifoldized conifold resolved by
a four-cycle. A good understanding of the former would of course help to specify the latter.
First, one expects the physics at the singularity to be different for the Spin(32)/Z2 and the E8 ×
E8 heterotic string theory. As recalled in the introduction, while one does not know what happens
for generic four-dimensional N = 1 compactifications, the situation is well understood for small
instantons in compactifications to six dimensions. The difference in behavior at the singularity can
be understood by their different strong coupling limit. For Spin(32)/Z2 heterotic string theory, S-
dualizing to type I leads to a weakly coupled description, corresponding to an ’ordinary’ field theory.
On the contrary, inE8×E8 heterotic string theory, lifting the system to M-theory on S1/Z2×K3 leads
to a theory of M5-branes with self-dual tensors, which therefore has a strongly coupled low-energy
limit. Descending to four dimensions, by fibering the K3 on a CP 1 base, this leads to different four-
dimensional physics at the singularity. It corresponds to strong coupling dynamics of asymptotically-
free gauge groups in Spin(32)/Z2 [26] and to interacting fixed points connecting branches with
different numbers of generations, in the E8 × E8 case [27].
In the present context, one can also S-dualize the Spin(32)/Z2 solution (3.1) to type I. There,
in the blow-down limit, the string coupling constant vanishes in the infrared end of the geometry
(r → 0), hence one expects that the low-energy physics of the dual four-dimensional theory admits a
free-field description. In terms of these variables, the theory is also not asymptotically free, since the
coupling constant blows up in the UV. This theory is living on a stack of k (up to order one corrections)
type I D5-branes wrapping the vanishing two-cycle of the conifold. Such theories have Sp(k) gauge
groups, together with a flavor symmetry coming from the D9-brane gauge symmetry. However, as
seen from the supergravity solution, one has to turn on worldvolume magnetic flux on the D9-branes
in order to reproduce the theory of interest. The profile of the magnetic flux in the radial direction
being non-normalizable, one expects this flux to correspond to some deformation in the Lagrangian
of the four-dimensional dual theory, that breaks the SO(32) flavor symmetry to a subgroup set by the
choice of ~p.
Let us consider now the E8 × E8 case. There, the singularity that appears in the blow-down
limit needs to be lifted to M-theory, where the relevant objects are wrapped M5-branes. As there
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is no weakly coupled description of the IR physics, the dual theory should flow at low energies to an
interacting theory, i.e. to anN = 1 superconformal field theory. In this case one would expect naively
expect an AdS5-type geometry, which is not the case here. To understand this, first note that the little
string theory decoupling limit is not a low-energy limit, hence the metric should not be asymptotically
AdS. Second, the AdS5 geometry that should appear in the IR seems to be ’hidden’ in the strong
coupling region.1
Looking for a confining string
The background obtained by resolution is completely smooth in the infrared, so one may wonder
whether it is confining.
One first notices that standard symptoms of confinement seem not to be present in our models.
There is no mass gap, the R-symmetry is broken spontaneously to Z~q 2/2−2 only (rather than having an
anomalous U(1)R broken further to Z2 by a gaugino condensate) and the space-time superpotential
for the blow-up mode – that is associated to the gluino bilinear in SYM duals like [59] – vanishes
identically, see (3.48). However none of these features are conclusive, as we are certainly dealing
with theories having a complicated matter sector.
On general grounds, a confining behavior can be found in holographic backgrounds by construct-
ing Nambu-Goto long string probes, attached to external quark sources in the UV, and showing that
they lead to a linear potential [78]. A confining behavior occurs whenever the string frame metric com-
ponent gtt(r) has a non-vanishing minimum at the IR end of the gravitational background (forcing it
to be stretched along the bottom of the throat). A characteristic of our solution (which is probably
generic in heterotic flux backgrounds) is that the R3,1 part of the string frame metric is not warped,
see eq. (3.1a). Therefore the Nambu-Goto action for a fundamental heterotic string will give simply a
straight long string, as in flat space.
In the case of Spin(32)/Z2 heterotic strings, one needs to S-dualize the solution to type I, in order
to study the low-energy physics of the dual theory after blow-up. In fact, the resolution of the conifold
singularity introduces a scale 1/a, that should correspond to some mass scale in the holographically
dual 4d theory. The ratio of this scale over the string mass scale 1/
√
α′ is given by
√
µ/gs, where µ
is the double-scaling parameter that gives the effective string coupling at the bolt. Taking the doubly-
scaled heterotic background in the perturbative regime, this ratio is necessarily large, meaning that
one does not decouple the field theory and string theory modes. Therefore, in order to reach the field-
theory regime, one needs to be at strong heterotic string coupling near the bolt. This limit is accurately
described in the type I dual, in the IR part of the geometry; however in the UV region r →∞ the type
I solution is strongly coupled.
In type I the string frame metric of the solution reads:
ds2I = H
−1(r) ηµνdxµdxν + 32ds
2(C˜6) , (6.1)
with H(r) = α′k/r2 and r > a. Taking a D1-brane as a confining string candidate, one would obtain
exactly the same answer as in the heterotic frame. One can consider instead a type I fundamental
string, leading to the behavior expected for a confining string (as H(r) has a maximum for r = a).2
A type I fundamental string is of course prone to breaking onto D9-branes, but this is the expected
1In type IIA one can construct non-critical strings with N = 2 [76] or N = 1 [77] supersymmetry in four dimensions
(whose worldsheet CFT description is quite analogous to the present models), that are dual to Argyres-Douglas supercon-
formal field theories in four dimensions. No AdS5 geometry is seen in those theories, for similar reasons.
2In contrast, there is no obvious candidate for a confining string in the E8 × E8 case, suggesting again that the physics
of these models is different.
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behavior for a gauge theory with flavor in the confining/Higgs phase, since the confining string can
break as quark/antiquark pairs are created. More seriously, if one tries to ’connect’ this string to
external sources at infinity (i.e. in the UV of the dual theory), the heterotic description, which is
appropriate for r →∞, does not describe at all the type I fundamental string.
What is the dual theory?
Let us now summarize our findings, concentrating on the Spin(32)/Z2 theory. Considering first the
blow-down limit, the mysterious holographic dual to the supergravity background (3.1), in the het-
erotic variables, is asymptotically free – at least up to a scale where the little string theory description
takes over – and flows to a strong coupling singularity. On the contrary, in the type I variables, the the-
ory is IR-free but strongly coupled in the UV. A good field theory example of this would be SU(Nc)
SQCD in the free electric phase, i.e. with Nf > 3Nc flavors [79]. Then, if one identifies the electric
theory with the type I description and the magnetic theory with the heterotic description one finds
similar behaviors.
Pursuing this analogy, let us identify the resolution of the singularity in the supergravity solution
with a (full) Higgsing of the magnetic theory. One knows that it gives a mass term to part of the
electric quark multiplets, giving an electric theory with Nf = Nc flavors remaining massless. Then,
below this mass scale (that is set by the VEV of the blow-up modulus) the electric theory confines.
In a holographic dual of such a field theory one would face a problem when trying to obtain a
confining string solution. In fact, trying to connect the putative string with the boundary, one would
cross the threshold 1/a above which the electric theory has Nf > 3Nc flavors, hence is strongly
coupled at high energies and is not described in terms of free electric quarks.
Notice that we did not claim that the field theory scenario described above is dual to our heterotic
supergravity background, rather that it is an example of a supersymmetric field theory that reproduces
the features implied by holographic duality. The actual construction of the correct field theory dual
remains as an open problem.
Chiral operators in the dual theory
A way of better characterizing the holographic duality consists in studying chiral operators in the dual
four-dimensional theory, starting at the (singular) origin of its moduli space. Following [76, 77], the
holographic duals of these operators can be found by looking at non-normalizable operators in the
linear dilaton background of interest. In our case, one considers the singular conifold, whose CFT
is summarized in the partition function (5.12). This provides a definition of the dual theory at an
intermediate UV scale, solely given in terms of the vector of magnetic charges ~p.1
More specifically we look at worldsheet vertex operators of the form :
O = e−ϕ(z)eipµXµe−QJρeipxXL(z)Vj1 m1(z)V˜2 m2(z)V¯j1(z¯)V¯j2(z¯)V¯G(z¯) . (6.2)
where e−ϕ denotes the left superghost vacuum in the (−1) picture, Vj m(z) are left-moving primaries
of the SU(2)/U(1) supercoset, V¯j(z¯) are SU(2)k−2 right-moving primaries and V¯G(z¯) comes from
the heterotic gauge sector. In order to obtain operators with the desired properties, one has to choose
chiral or anti-chiral operators in the SU(2)/U(1) super-cosets.
1The resolved background, obtained by adding a second gauge field corresponding to the shift vector ~q, is interpreted in
the dual theory as the result of giving a vacuum expectation value (VEV) to some space-time chiral operator, changing the
IR of the theory, see below.
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Physical non-normalizable operators in a linear dilaton theory have to obey the Seiberg bound,
i.e. J < 1/2 (see [76]). Furthermore, to obtain the correct GSO projection on the left-moving side,
one chooses either (c, a) or (a, c) operators of SU(2)/U(1)× SU(2)/U(1). For simplicity we make
the same choice of shift vector for the non-normalizable gauge field as in the remainder of the paper,
namely ~p = (2`, 015).
Let us for instance consider (a, c) operators in the twisted sector. They are characterized by
m1 = 2j1 and m2 = 4`2 − 2j2, such that j1 + j2 = 2`(M + `). The left and right worldsheet
conformal weights of this state read:1
∆WS =
α′
4
pµp
µ +
−2J(J − 1) + j1 + j2
4`2
+
(j1 − `M)2
2`2
− 1
2
, (6.3a)
∆¯WS =
α′
4
pµp
µ +
−2J(J − 1) + j1(j1 + 1) + j2(j2 + 1)
4`2
+ ∆¯G − 1 . (6.3b)
Note that the state in the gauge sector, of right-moving conformal dimension ∆¯G, belongs to the coset
SO(32)/SO(2) = SO(30) (as one Cartan has been gauged away). This leads to the condition
j1 = ∆¯G +
M2
2
+ 2`M + `2 − 1
2
, (6.4)
and the space-time U(1)R charge reads:
R = 2∆¯G +M
2 + 2`M + 2`2 − 1 . (6.5)
A subset of these operators transform in the singlet of the SU(2) × SU(2) ’flavor’ symmetry. They
are characterized by j1 = j2 = 0, hence have M = −`; their space-time R charge is R = 2`2. Such
an operator can always be found for any solution of the equation
∆¯G =
`2 + 1
2
, (6.6)
provided the state of the gauge sector (i) belongs to SO(30)1 and (ii) is GSO-invariant. One can ex-
press its conformal dimension in terms of the modes of the 15 Weyl fermions as ∆¯G = 12
∑16
i=2(Ni)
2.
In order to express the solution of these constraints in a more familiar form, we introduce the
sixteen-dimensional vector ~q = (0, N2, . . . , N16). Then one finds one space-time chiral operator for
each ~q such that ~q 2 = `2 + 1 = ~p 2/4 + 1 and ~p · ~q = 0 and such that it obeys the condition (5.31),
i.e.
∑
i qi ≡ `+ 1 mod 2.
In conclusion, the four-dimensional N = 1 theory which is dual to the warped singular conifold
defined by the shift vector ~p = (2`, 015) contains a subset of chiral operators in the singlet of SU(2)×
SU(2), characterized by their weight ~q in so(30). One can give a vacuum expectation value to any
of these operators without breaking supersymmetry in space-time. Following the general AdS/CFT
logic, it corresponds on the gravity side to consider a normalizable deformation of the linear dilaton
background, associated with the shift vector ~q.
One describes this process on the worldsheet by adding a Liouville potential (5.27) corresponding
to the chosen chiral operator and satisfying J = `2; this operator breaks the space-time R-symmetry
to Z2`2 . For each consistent choice of ~q, the perturbed worldsheet CFT is given by one of the coset
theories (5.1) constructed in this work. Note that in addition to the chiral operators discussed above,
1From the four-dimensional perspective, these operators are defined off-shell. For a given value of pµpµ the quantum
number J is chosen accordingly, in order to obtain an on-shell operator from the ten-dimensional point of view.
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many others can be found that are not singlets of SU(2) × SU(2). In principle, these operators can
also be given a vacuum expectation value, in those cases however the worldsheet CFT is as far as we
know not solvable anymore.
As explained above we observe that, for the E8×E8 heterotic string theory, the singularity seems
to be associated with an interacting superconformal fixed point. In this case the conformal dimension
of these operators in space time is given by
∆ST =
3
2
|R| = 3`2 , (6.7)
after using the N = 1 superconformal algebra.
Clearly it would be interesting to obtain a more detailed characterization of the dual theory, using
for instance anomaly cancellation as a guideline. We leave this study for future work.
6.2 Relation to heterotic flux compactifications
The Klebanov–Strassler type IIB background serves a dual purpose. On one side, it can be used to
probe holographically non-trivial N = 1 quantum field theories. On another side, one can engineer
type IIB flux compactifications which are described locally, near a conifold singularity, by such a
throat [30]; this allows in particular to generate large hierarchies of couplings. In this second context,
the KS throat is glued smoothly to the compactification manifold, at some UV scale in the field theory
dual where the string completion takes over. Typically the flux compactification and holographic
interpretations complement each other. One should keep in mind however, that from the supergravity
perspective, as the flux numbers are globally bounded from above in the orientifold compactification
with flux, the curvature of the manifold is not small.
The resolved conifolds with flux constructed in this paper can also be considered from these two
perspectives. We have highlighted above aspects of the holographic interpretation. Here we would like
to discuss their embedding in heterotic compactifications. As outlined in the introduction, heterotic
compactifications with torsion are not (in general) conformally Calabi-Yau, and thus correspond to
non-Ka¨hler manifolds. This makes the global study of such compactifications, without relying on
explicit examples, problematic.
In the absence of a known heterotic compactification for which the geometry (3.1) could be viewed
as a local model, one needs to understand how to ’glue’ this throat geometry to the bulk of a compact-
ification. In addition the presence of a non-zero NSNS charge at infinity makes it even more difficult
to make sense of the integrated Bianchi identity, leading to the tadpole cancellation conditions.
Let us imagine anyway that some torsional compactification manifold contains a conifold sin-
gularity with NSNS flux, leading to a non-zero five-brane charge. Heterotic compactifications with
five-branes are non-perturbative, as the strong coupling singularity of the five-branes sets us out of
the perturbative regime. However with the particular type of resolution of the singularity used here,
corresponding to blowing-up the point-like instantons to finite-size, the effective string coupling in the
throat can be chosen as small as desired. It corresponds, from the point of view of four-dimensional
effective theory, to moving to another branch of moduli space which has a weakly coupled heterotic
description.
There is an important difference between the fluxed Eguchi-Hanson solution that we studied in a
previous article [28] and the torsional conifold backgrounds constructed in this work. In the former
case, there existed a subset of line bundles such that the geometry was globally torsion-free, i.e. such
that the Bianchi identity integrated over the four-dimensional warped Eguchi-Hanson space did not
require a Kalb-Ramond flux. In other words, there was no net five-brane charge associated with the
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throat. Then the torsion, dilaton and warp factor of the solution could be viewed as ’local’ corrections
to this globally torsion-less solution near a gauge instanton, that arose because the Bianchi identity was
not satisfied locally, i.e. at the form level, as the gauge bundle departed from the standard embedding.
In contrast, we have seen that the smooth conifold solutions considered here can never be made
globally torsion-free, as the required shift vector ~p is not physically sensible in this case. Hence from
the point of view of the full six-dimensional heterotic compactification there is always a net H-flux
associated with the conifold throat. This is not a problem in itself, but implies that the compactification
is globally endowed with torsion.
In the regime where the string coupling in the ’bulk’ of the flux compactification manifold is
very small, one expects that quantities involving only the degrees of freedom localized in the throat
can be accurately computed in the double-scaling limit, where the conifold flux background admits a
worldsheet CFT description. This aspect clearly deserves further study.
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A Bosonization of the heterotic gauged WZW model
In this appendix we give the explicit integration of the worldsheet gauge fields for the gauged WZW
action defined in sec. 4, equations (4.11) and (4.12).
We start by bosonizing the worldsheet fermions as follows:{
∂Φn = ζ
2n−1ζ2n
∂¯Φn = ξ¯
2n−1ξ¯2n , n = 1, 2, 3 . (A.1)
Gauging the symmetry δ1A = ∂Λ, we may gauge fix ψ1 − ψ2 = 0, renaming ψ1 + ψ2 = ψ.
Then, by exploiting the remaining two gauge symmetries δ2B1 = ∂M and δ3B¯2 = ∂¯N , we can set
φL = 0 = φR.
Taking into account anomaly cancellation [62] (requiring in particular the absence of mixed
anomalies) dictates the following bosonization of the action (4.12):
SFer(A,B) =
1
4pi
∫
d2z
[
|∂Φ1− (1+2`)A−B2|2 + |∂Φ2 +A−B1−B2|2 + |∂Φ3−2B2−`B1|2
+ Φ1
(
F2 + (1− 2`)F
)
+ Φ2
(
F2 − F1 − F
)
+ Φ3
(
2F2 − `F1
)
− 2`(AB¯2 +B2A¯)+AB¯1 +B1A¯− (1 + 2`)(B1B¯2 −B2B¯1)] . (A.2)
The complete WZW model (4.8) is recast into the form:
SWZW(A,B) =
1
8pi
∫
d2z
[ (
k
2 + 2
) |∂ρ|2 + (k − 2)(|∂θ1|2 + |∂θ2|2 + |∂φ1|2 + |∂φ2|2
+
(
1
2∂ψ + cos θ1 ∂φ1 + cos θ2 ∂φ2
)
∂¯ψ
)
+ 2
3∑
i=1
|∂Φi|2
]
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+
1
2pi
∫
d2z
[
(k + 2`)|A|2 + (k−22 ( cos θ1 ∂φ1 − cos θ2 ∂φ2)+ ∂Φ2 − ∂Φ1) A¯− 2`A ∂¯Φ1
− k+42 cosh ρB1B¯2 + (1 + 2`)B2B¯1 −B1(∂¯Φ2 + `∂¯Φ3)
− (k−22 (∂ψ + cos θ1 ∂φ1 + cos θ2 ∂φ2)+ ∂Φ1 + ∂Φ2 + 2∂Φ3) B¯2] . (A.3)
Taking the large k limit (or rather the large ` limit in our case) of the above, the gauge fields can be
integrated out classically, leading to the non-linear sigma model:
SWZW =
k
8pi
∫
d2z
[
1
2 |∂ρ|2 + |∂θ1|2 + |∂θ2|2 + |∂φ1|2 + |∂φ2|2
+
(
1
2∂ψ + cos θ1 ∂φ2 + cos θ2 ∂φ2
)
∂¯ψ
]
+
1
4pi
∫
d2z
[
3∑
i=1
|∂Φi|2 + 2
(
cos θ1 ∂φ1 − cos θ2 ∂φ2 + 2k
(
∂Φ2 − ∂Φ1
))
` ∂¯Φ1
+
2
cosh ρ
(
∂ψ + cos θ1 ∂φ1 + cos θ2 ∂φ2 +
2
k
(
∂Φ1 + ∂Φ2 + 2∂Φ3
)) (
∂¯Φ2 + ` ∂¯Φ3
)]
(A.4)
In order to refermionize to a standard heterotic worldsheet action, the second part of the above sigma
model has to be recast, following [62], in a sort of Kaluza-Klein form. The corresponding Lagrangian
density then reads:
4piL(Φ) = ∣∣∂Φ1 + `( cos θ1 ∂φ1 − cos θ2 ∂φ2)∣∣2
+
∣∣∣1` ∂Φ2 + ∂Φ3 + `cosh ρ(∂ψ + cos θ1 ∂φ1 + cos θ2 ∂φ2)∣∣∣2
+ `
[(
cos θ1 ∂φ1 − cos θ2 ∂φ2
)
∂¯Φ1 − ∂Φ1
(
cos θ1 ∂¯φ1 − cos θ2 ∂¯φ2
)]
+
`
cosh ρ
[(
∂ψ + cos θ1 ∂φ1 + cos θ2 ∂φ2
)(
∂¯Φ2 + `∂¯Φ3)
− (∂Φ2 + `∂Φ3)(∂¯ψ + cos θ1 ∂φ1 + cos θ2 ∂¯φ2)]
− `2∣∣ cos θ1 ∂φ1 − cos θ2 ∂φ2∣∣2 − `2
cosh2 ρ
∣∣∂ψ + cos θ1 ∂φ1 + cos θ2 ∂φ2∣∣2
+
4`
k
(
∂Φ2 − ∂Φ1
)
∂¯Φ1 +
4
k cosh ρ
(
∂Φ1 + ∂Φ2 + 2∂Φ3
)(
∂¯Φ2 + `∂¯Φ3
)
. (A.5)
Then, upon refermionization, one arrives at the non-linear sigma-model given in eq. (4.14) and (4.15).
B N = 2 characters and useful identities
N = 2 minimal models
The characters of the N = 2 minimal models, i.e. the supersymmetric SU(2)k/U(1) gauged WZW
models, are conveniently defined through the characters Cj (s)m of the [SU(2)k−2 × U(1)2]/U(1)k
bosonic coset, obtained by splitting the Ramond and Neveu–Schwartz sectors according to the fermion
number mod 2 [67]. These characters are determined implicitly through the identity:
χj(τ, ν)Θs,2(τ, ν − ν ′) =
∑
m∈Z2k
Cj (s)m (τ, ν
′)Θm,k(τ, ν − 2ν′k ) , (B.1)
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in terms of the theta functions of ŝu(2) at level k, defined as
Θm,k(τ, ν) =
∑
n∈Z
qk(n+
m
2k )
2
e2ipiνk(n+
m
2k ) m ∈ Z2k , (B.2)
and χj(τ, ν) the characters of the ŝu(2) affine algebra at level k − 2. Highest-weight representations
are labeled by (j,m, s), corresponding to primaries of SU(2)k−2 × U(1)k × U(1)2. The following
identifications apply:
(j,m, s) ∼ (j,m+ 2k, s) ∼ (j,m, s+ 4) ∼ (k/2− j − 1,m+ k, s+ 2) (B.3)
as the selection rule 2j+m+s = 0 mod 2. The spin j is restricted to 0 6 j 6 k2−1. The conformal
weights of the superconformal primary states are:
∆ = j(j+1)k − n
2
4k +
s2
8 for −2j 6 n− s 6 2j
∆ = j(j+1)k − n
2
4k +
s2
8 +
n−s−2j
2 for 2j 6 n− s 6 2k − 2j − 4
(B.4)
and their R-charge reads:
QR =
s
2
− m
k
mod 2 . (B.5)
A chiral primary state is obtained for m = 2(j + 1) and s = 2 (thus odd fermion number). It has
conformal dimension
∆ =
QR
2
=
1
2
− j + 1
k
. (B.6)
An anti-chiral primary state is obtained for m = 2j and s = 0 (thus even fermion number). Its
conformal dimension reads:
∆ = −QR
2
=
j
k
. (B.7)
Finally we have the following modular S-matrix for the N = 2 minimal-model characters:
Sjmsj′m′s′ =
1
2k
sinpi
(1 + 2j)(1 + 2j′)
k
eipi
mm′
k e−ipiss
′/2. (B.8)
The usual Ramond and Neveu–Schwarz characters, that we use in the bulk of the paper, are obtained
as:
Cjm
[
a
b
]
= e
ipiab
2
[
Cj (a)m + (−)bCj (a+2)m
]
(B.9)
where a = 0 (resp. a = 1) denote the NS (resp. R) sector, and characters with b = 1 are twisted by
(−)F . They are related to ŝu(2)k characters through:
χjϑ
[
a
b
]
=
∑
m∈Z2k
Cjm
[
a
b
]
Θm,k . (B.10)
In terms of those one has the reflexion symmetry:
Cjm
[
a
b
]
= (−)bC
k
2−j−1
m+k
[
a
b
]
. (B.11)
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Supersymmetric SL(2,R)/U(1)
The characters of the SL(2,R)/U(1) super-coset at level k′ come in different categories correspond-
ing to irreducible unitary representations of SL(2,R).
The continuous representations correspond to J = 1/2 + iP , P ∈ R+. Their characters are denoted
by chc(12 + ip,M)
[
a
b
]
, where the U(1)R charge of the primary is Q = 2M/k′. They read:
chc(
1
2 + ip,M ; τ, ν)
[
a
b
]
=
1
η3(τ)
q
p2+M2
k′ ϑ
[
a
b
]
(τ, ν)e2ipiν
2M
k′ . (B.12)
The discrete representations, of characters chd(J, r)
[
a
b
]
, have a real SL(2,R) spin in the range 1/2 <
J < (k′ + 1)/2. Their U(1)R charge reads
QR =
2(J + r + a/2)
k′
, r ∈ Z . (B.13)
Their characters are given by
chd(J, r; τ, ν)
[
a
b
]
=
q
−(J−1/2)2+(J+r+a/2)2
k′ e2ipiν
2J+2r+a
k′
1 + (−)b e2ipiνq1/2+r+a/2
ϑ
[
a
b
]
(τ, ν)
η3(τ)
. (B.14)
One gets a chiral primary for r = 0, i.e. M = J , in the NS sector (with even fermion number). Its
conformal dimension reads
∆ =
QR
2
=
J
k′
. (B.15)
An anti-chiral primary is obtained for r = −1 (with odd fermion number). Its conformal dimension
reads
∆ = −QR
2
=
1
2
− J − 1
k′
. (B.16)
Extended characters are defined for k′ integer by summing over k′ units of spectral flow [80].1 For
instance, the extended continuous characters are:
Chc(
1
2 + ip,M ; τ, ν)
[
a
b
]
=
∑
w∈Z
chc(
1
2 + ip,M + k
′w; τ, ν)
[
a
b
]
=
q
p2
k′
η3(τ)
ϑ
[
a
b
]
(τ, ν)Θ2M,k′(τ,
2ν
k′ ) (B.17)
where discrete N = 2 R-charges are chosen: 2M ∈ Z2k′ . These characters close among themselves
under the action of the modular group. For instance, the S transformation gives:
Chc(
1
2 + ip,M ;− 1τ )
[
a
b
]
=
1
2k′
∫ ∞
0
dp′ cos
4pipp′
k′
∑
2M ′∈Z2k′
e−
4ipiMM′
k′ Chc(
1
2 + ip
′,M ′; τ)
[
b
−a
]
.
(B.18)
The same holds for discrete representations, whose modular transformations are more involved (see [80,
81]).
1One can extend their definition to the case of rational k′, which is not usefull here.
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